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Motivation : Why sheaf

E wank te holomorphis rector bundle

↓
X: n-dimensionalcomplex munifold ,

Want to know M(X : E) : the vector spaced

holomorphic sections .

Locally on some small U2X
,
Elr = UX

so can pick a bisis (e
..
"

- ful
Sit,

#U ; Elr) Où

&, 2 , + ... + Mien ( (d , . . ., 4a),



To get TIX ; E) , closed try to cover X by \VnYsei

Observation : In Sp
,

Su - PIX ; ES and

Si lva = Salva Va +I
,

then S
,
= Sn

.

Conchucion l : n → P (X ; E )→ 荘 や ( Uα; Elin )

More concretely , if E is trivial over US
,

pk
ther P (X ; E ) ↳ Ouα.

But we
could say move

.

Set Vap := UnnUe.

-> PLUasErs)
->

PLUapjElven)P ( X ; E ) P

Y TIVe : Elvel



J S -P(X ; E) produces a family

(Sa) - [ PIVai Elva) st . Salve : Solva
.

Observation : As sections are function

長 Os
any such family glues to a section 34 (E)

sit . Slua = Sa
.

Conclusion 2 : In (PIXES@IP(Va ; Elval

二 ker l な ( 0α ; 1v α) → PlUan ; Elua
。
)

1Sa)ms (Salvo-Solva).



OpX := the poset of opens in X

&
ev : A sheef of ubelian groups is a functor

F : Op -> Ab Sit
,

for my

cover /U2] & O
,

we have the sequence

。 → ↑ (ω ; F )—→ なルα : 江)→ や (UaniF 」

to be exact ,

That is
,

a sheaf is an assignment that

satisfies the "local-to-global" principle .

#tation : Sh(X) := the entegory of sheaves on X
.

Hom (6,E) = natural transformation G -
F

.

=> p(U) + IIV)

↓
.

그 ↓ fo V & U.

[IV) + FIVI



It's a good tool : E
. g .

Cantun's proof &

de Rhum's theorem :

Thm : For a manifold M
,
the

mup

Sc > (-) : Hi(M1 -> Hir (M ; IR(

(mi m ( <074 Sjr)
is an isom

,

'

" '

: Check

&i (v) : = Ca-Minim ... &

CoinW) : = CYUiR) - D'IVIIRsE, c'(ViRy--

are both sheeves (of chain complexes) plus

S : hi- Cain is a map of sheaves .

=> Can check locally
,
which is implied by

Princure lemmas,
,



· What is microlocal

- Local : We my F is trivial on U if Flu = 0.

Observation : If (UL) is a family p
.
t

. Flat

for all d
,

then Fly : 0 where U := (Va)

Lat : For my VEU , SVNV)
is a cover of V so

「 PLv ;F 」」 な Plroua ; F ) = 0

Conclusion : There is a largest U S
.
t

. Flu = e.

Def" : The support of F is supplis : = U

In particular, supplis
is a closed set,



Example: Consider X=IR andE given by

지= 10
, it o 4 u

I
,
if 0 + V.

It +Ver , then
F(U) + IIV

色 → で
and 0 otherwise .

On picture ,

o - 7 - 0

⑨

F = [ie7 the Skyscraper sheuf nt 0
.

Supp((cn1) = 0



Similarly
,

one can
consider [cobs the locally

constant sheet supported on Co
.

DS.

0 ← I = 卫

⑨

Assume W are open
intervals

,

then

4 c ,01
( V) = (

0
, if V e c0x1 =&

↳ If U + 20
,
5) * %

.

A variunt is [co
,s

,

which on picture is

0 = 0 -- X

⑨

Note : suppl[se
,

a) = Supp(10
,
0s) = Go

, 01

but the (coldirection of change is different
.



Let M"bea C'-manifold and F a
sheef

.

Want : An invariat SSIF) & TIM that encode

the "nontrivial" codirections
,

Approximate definition : S5IE) 1Om = SupplE) .

Fo Ix
, 11 f TM, pick a chart UB"

,

theo

ix
,

3 ) -t S $ 1 i) if

↑ (BW ; 5) Is ↑(BWesSes ; E)

11/H = グ!!"
In other words

,

(x
,
3)-SSIE) if the sections don't

propagate uniquely. Note that SS is conic

by definition
.



Back to the example.

For so , i)

0 卫 = 卫

⑨

니
>

~→ 고

↓
λ

- i

=> (0 , 1) + SS(4,,01]

0 ← 卫 = 卫

⑨

ㅢ
-

~> 고

"
λ

~1 □

=> 10-11 * (S) z0x1)



s

=> SSl[so
,0s) :

x

Similarly,
SS(410

,

01) =

3

'

X



With this definition
,
it's natural to localize

on the cotungent bundle
,

hense the term microlocal ,

Precisely
,

for IfT*M
,

one consider

shlms
/ where Shx(Ml := (F(SSIE) ? X ?.
shcms

Note "Doc" # "I'd
.

"

sShnalu) s ston . (ml

的 shimy
surams
-> Shinly

Shrilm(

builds you a shenf of inteyories ushym.



· Connection to symplectic geometry ?

Recall T*M has a natural symplectic structure

coming from a Lionville form &M
.

A differmorphism X:U
,

US TYM and UITIN,

is a contactomorphism of Xdm) = do

Fast (Kashiwura-Schapira) ;

& SSCE) is always coisotropic and
,

under mild regularity

assumptions , SSIES is a Lagrangian if SSI) is constructible.

② ash is a contact invorient : For U
,
5 small,

XiUIV induces an ison
.

* (mshirlo) * MshmIu
.



Recent development :

&hm (buille-mon- Kushimara-Schupira (

& I : [0
,
17 XT

*

M- > 7'M is a contrct isotopy,

then X:= 6
,
1) induces an unto-equivalence on Sh(M) .

&

enstruction : (Sheude , Nudler-Shendel .

Let W be an exact symplectic manifold .

↓ ix a Lagrangian subbundle &TW. Then

I a sheaf of integory Mshwip locally

given bymshym and recovers the earlier notion

when WiTM m. =
m
: (

, 1) NTIM = Trs Tim 1 .

19 is called a polarization .



Some applications
:

D Symplectic side : Sheaves model Inknya categories ,

Thus (Ganaten-Pordon-Shendel
: Let 1 Til be Lagrangin .

Then

Ind[W(Timi 11] = Shalm)
,

In fact
,

for a polurized Weinstein Manifold X
,
we have

WIX) = ushs (k)
.

& ther applications ? Non-displacebility (after Tamarkin)
,

t"-yeometryetc ...



& Representation theory side :

Ihm (Beilinson-Bernstein) G : reductive group /I

(71)/kx)-Mod= Day - Mod
where X : 2(h) -> & is a certain character

.

Ihm (The Rienann-Hildere correspondence, Kashiwara 1-Kuwai) (

X : complex manifold. Then
,

Dx-Modrn = Perv(X)
,

-> Proof of Kazhdan-Luszting conjecture

by Brylinski & Kushimura
,

(Beilinson-Bernstein bus an independent proof)
around the same time

,



Other research directions :

D Mirror symmetry

② non-displaceability & non-sequeezing invariants

③ Co-symplectic/contact geometry

⑪ Nocommutative geometric Str . on Enknya cuteyories


