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Abstract
Symplectic geometric methods in microlocal sheaf theory
by
Christopher Lp Kuo
Doctor of Philosophy in Mathematics
University of California, Berkeley

Professor Vivek Shende, Chair

The main goal of this dissertation is to import symplectic geometric methods into
microlocal sheaf theory based on the foundational sheaf quantization construction
by Guillermou, Kashiwara, and Schapira. This construction provides the notion of
isotopies of sheaves and a sheaf-theoretic analogue of the notion of continuation maps
in Lagrangian Floer theory.

Based on previous work by Ganatra, Pardon, and Shende, we make further ex-
amination on the category of unbounded sheaves microsupported in some singular
isotropic A in the cosphere bundle. We show that various categorical constructions
concerning this category can be described in symplectic geometric terms by using
isotopies of sheaves.

The main construction is a sheaf-theoretic analogue of the wrapped Fukaya cat-
egory, by localizing a category of sheaves microsupported away from some given
A along continuation maps. When A is a subanalytic singular isotropic, we also
construct a comparison map to the category of compact objects in the category
mentioned above, and show that it is an equivalence. The last statement can be
seen as a sheaf-theoretical incarnation of the sheaf-Fukaya comparison theorem of
Ganatra-Pardon-Shende.
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Chapter 1

Introduction

The microlocal sheaf theory of Kashiwara and Schapira [32] relates sheaves — which are topo-
logical structures — on manifolds with the symplectic geometry of their cotangent bundles.
The basic construction is the microsupport: to a sheaf F' on a C'* manifold M, one associates a
closed conic subset SS(F') in the cotangent bundle 7*M. The intersection of this set with the
zero section recovers the support supp(F'); the projectivization SS*°(F') := (SS(F)\0r)/Rso
indicates the codirections along which the sheaf changes. A key indicator of the symplectic
nature of the theory is the involutivity theorem [32, Thm. 6.5.4], which asserts that SS(F)
is always a singular coisotropic subset with respect to the canonical symplectic structure of
T*M. Under an appropriate tameness assumption, SS(F') is a singular Lagrangian if and
only if F' is constructible, i.e., there exists a stratification {Xs} of M such that F|x, is a
local system for all X.

Deeper relationships between microlocal sheaf theory and symplectic geometry began to
emerge in the mid 2000s. Nadler and Zaslow related constructible sheaves to ‘infinitesimally
wrapped’ Floer theory [44, 40]. Meanwhile, Tamarkin introduced purely sheaf-theoretical
methods into symplectic topology in his study of non-displaceability, a problem previously
studied largely by Floer theoretic methods [53]. The subsequent Guillermou-Kashiwara-
Schapira sheaf quantization of contact isotopies [26] — i.e. the highly nonobvious statement
that contact isotopies of S*M act on sheaves on M — led to a host of further incursions by
sheaf theorists into symplectic topology [23, 24, 25, 50, 49, 10, 11, 48, 55, 8, 9, 29, 4, 5, 6,
34, 35] and vice versa [56, 57, 46].

Meanwhile on the Floer theoretic side, Abouzaid and Seidel formulated a way to in-
corporate contact dynamics into Fukaya categories for noncompact symplectic manifolds
[2]. Their construction is roughly to localize a partially-defined infinitesimally wrapped
Fukaya category along ‘continuation morphisms’ associated to positive isotopies. The re-
sulting notion of wrapped Fukaya category (and its later ‘partially wrapped’ generalizations
[51, 20, 19]) provides the correct mirrors to coherent sheaf categories on certain singular
spaces. While such wrapped categories are nontrivial to compute directly (the simplest case
was [1]), Nadler conjectured that they matched categories of compact objects inside cate-
gories of unbounded sheaves with prescribed microsupport [41]. This conjecture was later
established by the work of Ganatra, Pardon, and Shende [21]; as a result, sheaf-theoretic
methods (e.g. [41, 42, 14, 33, 18, 17]) can be used to establish homological mirror symmetry



in these settings.

While Nadler termed his category the ‘wrapped sheaves’, the name did not entirely
reflect its construction: there is no wrapping in their definition. In this paper we study the
category which this name manifestly suits — the localization of the category of sheaves along
the continuation morphisms of [26] — and give an entirely sheaf-theoretic proof that it is
equivalent to Nadler’s category.

Remark 1.0.1. Let us compare and contrast this article with the work [21]. In that article,
the authors construct an equivalence between the partially wrapped Fukaya category of a
cotangent bundle, stopped along some subanalytic isotropic A, with the category of compact
objects in the category of unbounded sheaves microsupported in A:

Perf W(T*M, \)® = Shy (M)°

Their approach was to introduce an abstract axiomatic characterization (‘microlocal Morse
theatre’) and verify that both sides satisfy it.
Here is another approach which is illustrated in the following diagram:

Fuk, (T* M) D Fuk (T* M, ) ------Tok____ SW(T™* M, A

21

[44, 40] (44, 40] |

Wy

bsi toshy (M) ——2 5 "Shy (M)

Shconstr(M) 2 Shconstr,S*M\A(M)

Assume given an equivalence of infinitesimally wrapped categories such as asserted in
[44, 40], localize both sides along the continuation morphisms, and then show purely on the
sheaf-theoretic side that the resulting localized category of sheaves is in fact equivalent to
Shp(M)¢. See Figure 3.2 for an illustration. The present article establishes the last step,
indicated by 207, in this argument. While this route of proof would be logically independent
of [20, 19, 21], the proof of the main theorem of the present article follows a strategy adapted
from [21].

Note however that, in the literature, the category W(T*M, A) is not constructed as a
localization of an infinitesimally wrapped category. In fact, constructions of W(T*M, A) as
in [2, 51, 20], always avoid infinitesimal wrappings. For example, the authors in [20] begin
with the sub-semi-category Fuk (7" M, A) with morphisms defined only between transversal
Lagrangians, and roughly speaking localize along continuation maps so they only ever have
to work with large wrappings.

We turn to a more precise discussion of our results. Classically, Kashiwara and Schapira
study the totality of sheaves on manifolds Sh(M) and use the notion of microsupport to
measure various properties regarding sheaves and morphisms between them [32]. Based on
the modern higher categorical setting, recent study [21, 43] suggests that the subcategory
Shp (M) of sheaves with some fixed singular isotropic microsupport condition A is also an
important invariant and enjoys many decent properties. For example, it is shown in [21]
that such categories are compactly generated and there is a procedure to find its compact
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Figure 1.1: An alternative to [21], illustrated for M = R'. The purple arrow indicates the
positive Reeb direction and the red dots are the stop A. The green objects, from left to
right, are a smooth curve conic at infinity in 7*R!, the microsupport of a constant sheaf on
an open interval, and the microsupport of the same sheaf after being pushed to the stop.

objects. Following this line of research, we show that categories of the form Shy (M) enjoy
some compatibility property with the standard symmetric monoidal structure ® of Priﬁt, the
category of presentable categories with morphisms being left adjoints.

Proposition 1.0.2. Let M, N be real analytic manifolds and A C S*M, ¥ C S*N be
subanalytic singular isotropics. Denote by A x 3 the product singular isotropic in S*(M x N),
then there is a equivalence

ShA(M) X Shz(N) = ShAXE(M X N)
(F,G)— FRG.

See Proposition 3.4 for details. Based on this statement, we give a geometric description
for the categorical dual Shy(M)Y with respect to (Prk, ®) as the category Sh_, (M) with
reversed microsupport. A consequence of this identification is a classification of all colimiting-
preserving functors between categories of the form Shy (M):

Theorem 1.0.3. Let M and N be real analytic manifolds and A C S*M, ¥ C S*N be
closed subanalytic singular isotropics. Then, the identification Shy (M) = Sh_x(M) induces
an equivalence

Sh_pxx(M x N) = Fun®(Shy (M), Shg(N))

which is given by K — (H — K o H) for H € Shy(N).
See Section 3.6 for details.
Now we bring in symplectic geometry and discuss the continuation maps in the sheaf-

theoretical setting. Recall that for a closed conic subset X C T*M, the inclusion ¢, :
Shx (M) < Sh(M) of sheaves microsupported in X to all sheaves has a left adjoint ¢* and



right adjoint +'. Now consider F' € Sh(M x R) as a one-parameter family of sheaves on M
and set F, = Flaxfq. An explicit description of +* given in [26, Proposition 4.8] shows
when F' satisfies the condition SS(F') C T*M x TZR, there is a continuation map F, — Fy
for a < b. (See [53, 2.2.2] and [27, (77)] for the dual construction.) Now pick a contact form
a on S*M coorienting the contact structure induced from the symplectic structure on 7% M.
We say a C*° map ¢ : S*M x R — S*M is an isotopy if the induced map ¢; == ®(—, ) is
a contactomorphism for all ¢ € R and ¢g = idg«p;. If ® is a positive isotopy (a(0,¢;) > 0)
then the corresponding GKS sheaf kernel K(®) and hence its convolution K (®) o F' with
F € Sh(M) will satisfy this condition and hence admit continuation maps.

Now fixed an open set 2 C S*M. Homotopy classes of compactly supported isotopies
with fixed ends can be organized to an oo-category W () whose morphisms are given by
concatenating with positive isotopies. We refer this category as the category of positive
wrappings. The discussion on continuation maps will imply that there is a wrapping kernel
functor w : W(2) — Sh(M x M) which sends isotopies to the end point of the GKS
sheaf kernels and positive isotopies to continuation maps. One can use this functor to the
define the infinite wrapping functors W*(QY) : Sh(M) — Shg-ana(M) by sending F to
the colimit colimg (w(®) o F') or limit limg (w(P) o F') over & € W (). Geometrically, we
push F' with increasingly positive (resp. negative) isotopies and take colimit (resp. limit)
over them. These functors give a geometric description for the adjoints of the inclusion

Theorem 1.0.4. Let 1, : Shg-ppo(M) < Sh(M) denote the tautological inclusion. Then
the functor 21 () (resp. W (2)) is the left (resp. right) adjoint of v..

See subsection 4.2 for the proof.

One main application of the notion of isotopies of sheaves is the study of Verdier duality.
Assume the manifold M is compact so all object F' € Shy(M) with perfect stalks are
compact. Denote by Shy (M) the collection of all such sheaves so there is an inclusion
Sha(M)® C Shy(M)e. One question is whether the Verdier duality

Shp(M)"%P = Shp(M)?
F+— Dy(F) = Hom(F,w)

extends to Shp(M)¢. We note such an extension would produce and can be recovered from
an equivalence Shp(M)Y = Sh_, (M), which is in general different from the one consider
for Theorem 1.0.3. We show, in Theorem 5.1.2, using the technique a perturbation trick
developed in Proposition 4.2.8 that the existence of such an extension is equivalent to the
invertibility of the endofunctor

F— QL (FY)

where F' is a pushoff by a small Reeb flow displacing F' from A. We also verify, in Theorem
5.2.4, that this conditions holds for a large class of singular isotropic, and show, in Proposition
5.3.2, that the functor Sy has intrinsic categorical meaning and is in particular independent
of the choice of the small Reeb flow.



The main construction of this paper is the category of wrapped sheaves voshy (M) where M
is a real analytic manifold and A is a closed subset in S*M. It is a stable category defined by
first collecting sheaves which have subanalytic singular isotropic microsupport away from A
and those which are compactly isotopic to them in S*M \ A, and then inverting continuation
maps which come from positive isotopies satisfying similar conditions. One effect of this
localization is that objects which can be connected through an isotopy on S*M \ A will be
identified. We show that Hom’s in tosh, (M) can be computed as colimits of Hom’s between
ordinary sheaves over W (S*M \ A). Finally, when A is a subanalytic singular isotropic, by
using the infinite wrapping functor 207 (S*M \ A), we define a canonical comparison functor
5 (M) : wshp(M) — Sha(M). The main theorem of this paper is that 20} (M) is an

equivalence.

Theorem 1.0.5. Let A C S*M be a subanalytic singular isotropic. The comparison functor
55 (M) : wshp (M) — Shp (M) is an equivalence.

See subsection 7.3 for the proof.

Remark 1.0.6. Note that, unlike the analogous isomorphism in [21], our isomorphism is
induced by an explicit functor.

Since all the above constructions are functorial on the inclusion of open sets of M, we
obtain a precosheaf tosh, and we refer its objects as the wrapped sheaves. The corollary of
the above theorem is that this precosheaf is a cosheaf.

Corollary 1.0.7. Let A C S*M be a subanalytic singular isotropic. The comparison mor-
phism 207 : twoshy — Sh§ between precosheaves is an isomorphism. In particular, the pre-
cosheaf toshy is a cosheaf.

The proof of Theorem 1.0.5 follows the same strategy as [21]. In short, subanalytic
geometry implies that, for a subanalytic singular isotropic A, there exists a C'' Whitney
triangulation & such that A is contained in NZ§ = Uses NI X,. For this special case,
the two categories are natural identified as Perf§, the category of perfect S-modules, and
hence admit a preferred set of generators which are matched under QB;{,OOS(M ). We then
apply the nearby cycle technology developed in [43] to conclude that 20 ¢(M) induces an
equivalence on the Hom’s for these generators and hence finished the proo? for this case. To
conclude the theorem for the general case, we note that the construction on both sides are
contravariant on A. Thus we study the fiber of the canonical maps toshy: (M) — wshy (M)
and Shy: s(M)® — Shy (M), and show that they are generated by a sheaf-theoretical version
of the linking disks and microstalks at the smooth points of N* 8\ A. Finally, we show that
207 (M) matches those objects and thus conclude the general case.

Convention

We follows the higher categorical convention developed in [36, 37]. For example, a category
unless emphasized means an co-category and limits and colimits are taken in this sense. We
also switch between the contact and homogeneous symplectic notations. For example, we
will use the same notation to denote a contact isotopy ¢; on C S*M and its on T*M when
the context is clear.



Chapter 2

Preliminary

The goal of this chapter is to recall various notions and facts which we will be using later.
None of the contents here is original and we only collect them for the convenience of the
readers. Readers who are familiar with basic symplectic geometry and higher categorical
theory can safely skip this section.

2.1 Homogenous symplectic geometry and contact ge-
ometry

We recall some facts from homogenous symplectic geometry and contact geometry, and
explain how they are interchangeable with each other. We assume that the contact manifolds
in this sections are co-orientable. Let (X, da) be a Liouville manifold and let Z denote
its Liouville vector field. We define a homogeneous symplectic manifold to be a Liouville
manifold such that the Liouville flow induces a proper and free R.g-action. In this case, the
quotient X/R.q is a manifold.

Definition 2.1.1. A subset Y C (X, da) is conic if it is preserved under the R g-action.

Proposition 2.1.2. A coisotropic submanifold Y is conic if and only if a|rys = 0 where
we use TY % to denote the symplectic orthogonal complement of TY .

Proof. Y is coisotropic iff 7Y% C TY. Y is conic if and only if Z(y) € T,Y fory € Y
which implies ay, (w) = do, (Z(y), w) = 0 for all w € TY . Note this direction always holds.
On the other hand, the same equation implies that Z(y) € TY if a|ryda = 0. Since Y is
coisotropic, Z(y) is in particular in T,)Y". H

Corollary 2.1.3. A Lagrangian submanifold L C (X, d«a) is conic if and only if o|, = 0.

Example 2.1.4. The Liouville vector field Z of the cotangent bundle T*M can be written
locally by Z = > &0, where the &’s are the dual coordinates of local coordinates x; of
M. The Liouville flow is given by ®Z(z,¢) = (z,e%¢) and the Ryg-action is simply the
multiplication, r - (x,§) = (x, 7€) for r € Ryy.

Proposition 2.1.5. The one form « descends to a contact form @ on X/Rx,.
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Proof. Let X denote the Liouville vector field associated to o (which is non-vanishing since
R.q acts freely). By definition, a(Z) = w(Z, Z) = 0 so it defines a section on (T'X/(Z))* =
T*(X/Rsg). This is a contact form since on X, tzw A d(1zw)" ™' = 17w A (Lzw)"™1 =
tzw Aw" !t = 210" and T(X/Rs) can be identified as vectors transversal to Z. O

Example 2.1.6. The example we will study in this paper is the cotangent bundle away
from the zero section T*M for some smooth manifold M. Pick a metric ¢ and restrict
the projection p : T*M — S*M to {(v,€)|g.(&,€) = 1} and denote it as p,. The map p,
is a diffeomorphism because its domain is transversal to the Rsp-action and p, is clearly
one-to-one. Its inverse s : S*M — T*M provides S*M a global contact form s*agq,.

Note any such section gives the same contact structure but there might not be any
contactomorphism sending one contact form to another. A more intrinsic description of the
contact structure is n, ¢ = ker .

Lemma 2.1.7. A homogeneous symplectomorphism ¢ : (X,da) — (Q,df) preserves the
Liouwille form, i.e., ¥* = a.

Proof. let ¢ be homogeneous and ©¥*df = da. We denote the Liouville vector fields by
Z and Y and the corresponding flow by ¢Z and ¢}, t+ € R. Since v is a homogeneous
symplectomorphism, we have ¢(¢Z (z)) = ¢) (¢(x)) for all z € X. Differentiate the equation
and evaluate at 0, we obtain that di,(Z(x)) = Y (¢(x)), i.e., Y = 1. Z. So for any differential
p-form v on @,

(" (eyv)) (U1, -+ s vp-1) = (v V) (svr, - Putp1)
=v(Y, v, 0p1)
= W) (Z,v1, 0 vp-1)

(Lz(@™)) (v1, -+ vp-1).

That is, ¥* oty = 1z o¥*. In particular, Y*a = Y*1zda = typ*da = . O]

Proposition 2.1.8. A co-orientation preserving contactomorphism ¢ : (N,&) — (P,n) gives
rise to a unique homogeneous symplectomorphism ¢ : SN — SP between their symplectiza-
tions. On the other hand, a homogeneous symplectomorphism ¢ : (X, da) — (Q, dS) induces
a contactomorphism on the contact quotient in Proposition 2.1.5. These two constructions
are inverse to each other if X and () come from symplectization.

Proof. Assume (N,§) and (P,n) are co-oriented by o and 3. The equation d¢,(&:) = Ny
implies that ¢*6 = ha for some h > 0. More precisely, let R be the Reeb vector field
of a, then h = p(p.R). Define ¢ : (N x Ry, d(ta)) — (P x Rsg,d(s8)) by ¢(z,t) =
(¢(z), (h(z))~'¢). Then ¢*sf = t3¢*f = ta so ¢ is a homogeneous symplectomorphism.
Now assume there is another lifting ¢’. Since they both descend to ¢, there is ¢ > 0 such that
P (x,t) = g(x)p(z,t). But then ta = (¢')*t5 = gp*t = gta so g = 1. Since 1 preserves
the Liouville form, it is clear that 1) descends to a contactomorphism on the quotient. And
we also see the that two constructions are inverse to each other when the homogeneous
symplectic manifolds are given by symplectization. O]



Example 2.1.9. We consider the case when X = Q = T*M is the cotangent bundle away
from the zero section for some manifold M. One can identify it as the symplectization of S* M
by picking a metric g. Let ¢ : S*M — S*M be a co-orientation preserving contactomorphism
and we would like to lift it to a homogeneous symplectomorphism ¢ : T*M — T*M.

We describe here how the identification intertwines with the construction in the propo-
sition. Denote s the section of p : T*M — S*M which is given by the unit covectors. We
claim that there is a (unique) section ¢ : S*M — T*M so that " (t* Qean) = S ean. (Note
we cannot just require t = s o ! since this would implies idg-y; = ¢~1.) If such ¢ exists,
then t*agn = (gp‘l)*s*acan = hS$* qn for some h € C®(S*M;R-q) given by . So we
sunply define t : S*M — T*M by t = h - s where ‘" is the Ry action. Then we can define

:T*M — T*M by $ = VG- (togop). One can compute that

90 Qegn = \/g : (p* o (;0* o t*acan> = \/g : (p* o S*acan)

) 1
=G (SOP) Ocan = /G —=Ccan = Ucan
V9 (sop) V9 NG

is a symplectomorphism. Note that we use s o p(x,§) = (1 /\ 9z (€ ) z, &) for the second

to last equality.

Now consider a family of isotopy ¢; : S*M — S*M such that ¢y = idg«p;. The require-
ment (0; 1)*s*ean = hes* Qean ensures hy; > 0 since by = 1. We can then lift ¢, to a family
of homogeneous symplectomorphism @, : T*M — T*M by the above process. Since this
process can be reserved, we see that there is a one-to-one correspondence between contact
isotropies on S*M and homogeneous isotropies on T7*M. Note that the family version of
isotopies works similarly.

2.2 Stable categories

We will work in the higher categorical setting developed in [36] and [37]. The main purpose
of the rest of the chapter is to fix notations. A thorough beginner guide as well as the set-up
needed to work over a field k of characteristic 0 can be found in [16, Chapter I.1]. To work
over more general coefficients, one requires further the theory of rigid categories from [28].
Since the relative case enjoys the same formal properties which are needed for the purpose of
as the absolute case, we fix once and for all a rigid symmetric monoidal category (Vo, ®, 1y))
and its Ind-completion V = Ind(),). Unless specified, we will assume without mentioning
that all the categories we consider will be tensored over and thus enriched in V and functors
between those are V-enriched as well.

The main advantages for working in the higher categorical setting is that there is an
abundance of limits and colimits (in an appropriate sense). As a result, many constructions
can be performed formally as universal constructions which greatly simplifies the situation.
Because of the higher categorical nature of this paper, we will refer an co-category € simply
as a category and when we need to emphasis that it is in particular an ordinary category,
we will refer it as a 1-category.

Recall that a presentable category is a category with certain cardinality assumptions.
Roughly speaking, such a category is large enough to contain (small) colimits but is controlled

8



by a small category. A main consequence of these assumptions is that the adjoint functor
theorem holds. See [36, Corollary 5.5.2.9]. In addition, up to set-theoretic issues, the totality
of such categories forms a (very large) category itself which has nice properties concerning
limits and colimits. We will not consider the whole collection of such categories but a small
portion of it which satisfies stronger finiteness conditions which we now recall.

Definition 2.2.1. Let € be a category. An object ¢ € € is compact if Hom(c, —) preserve
(small) filtered colimit. That is for any (small) filtered index category I and any functor
X : I — €, the canonical morphism

lim Hom(c, X;) — Hom(c, thz)
T T

is an isomorphism. Here, we use the notation hﬂ instead of colIim to emphasis the index
I

category [ is filtered.

Definition 2.2.2. A category C is compactly generated if there exists a small subcategory
Cp C € consisting of compact objects of € such that C is generated by €y under filtered
colimits. That is, Ind(Cy) = € where Ind denotes the Ind-completion.

Definition 2.2.3. Let Cat denote the (very large) category of categories. We use Prlj to
denote the (non-full) subcategory of Cat whose objects are compactly generated categories
and morphisms are functors which preserve small colimits and compact objects. We also
use cat to denote the subcategory of Cat consisting of idempotent complete small categories
which admit finite colimits whose morphisms are given by functors which preserve finite
colimits.

Proposition 2.2.4 ([36, Proposition 5.5.7.8]). The funtor Ind : cat — Pr" taking Cy to its
ind-completion Ind(Cy) is an equivalence. Its inverse is given by the functor 6 : Pr — cat
sending C to C°, the subcategory of C consisting compact objects.

Proposition 2.2.5 ([36, Proposition 5.5.7.11]). The category Pr- and hence cat admits
small colimits, which can be computed in Cat as limits by passing to right adjoints. Here we
use the fact that a morphism F : @ — D in Pr" is a left adjoint since it preserves colimits.

Classically, one use the theory of triangulated categories to encode homological informa-
tion. They are 1-categories with structures and can be used to remember a small portion
of homotopies. However, limits and colimits are scarce in this setting. For example, the
kernel of the (unique) non-zero morphism e : Z/2 — Z/2[1] in D(Z) does not exist. See, for
example, [54, 2.2.1]. Hence, we use the theory of stable categories [37, Chapter 1] in this
paper instead.

Definition 2.2.6. A category € is pointed if there exists a zero object 0, i.e., an object
which is both initial and final.

A sequence X — Y — Z in a pointed category C is a fiber (resp. cofiber) sequence if the
diagram



X—Y

|

0 —~Z7

is a pullback/pushforward. In this case, we say X (resp. Z) is the fiber (resp. cofiber) of
the corresponding morphism Y — Z (resp. X — Y).

Definition 2.2.7. A pointed category C is stable if fibers and cofibers exist and a diagram as
above is a fiber sequence if and only if it is a cofiber sequence. We say a functor F' : € — D
between stable categories is ezact if F preserves finite limits and finite colimits. Note in a
stable category C finite limits are the same as finite colimits so preserving one kind means
preserving the other.

Remark 2.2.8. We recall that in the stable case. An object X is compact if and only if
Hom(X, —) preserves coproducts.

Example 2.2.9. A stable category € admits a “shifting by 17 automorphism [1] : € — C
which can be defined by X ~— cof(X — 0). Its inverse is the shifting by —1 automorphism
[—1] : € — € which can defined by X ~— fib(0 — X). In the case when € =V, these shiftings
are given by shifting the degree of the chain complexes.

Example 2.2.10. Let € be a stable category. For X, Y € €, the direct sum X &Y in C
can be computed as cof (Y [—1] RN X) =fib(Y RN X[1]).

We will use the following lemma:

Lemma 2.2.11. Let C be a stable category and X, Y, Z, X', Y', and Z' € C. Assume we
have the following commutative diagram

X

b

X/ /

such that each row is a fiber sequence. Let X" = cof(a), Y" = cof(B) and Z" = cof () be
the corresponding cofibers of the vertical maps. Then there exist a canonical fiber sequence
X// - Y// - Z//'

In particular, for fi : X1 — X5 and fo : Xo — X3, we have a fiber sequence cof(f;) —
cof (fa o f1) — cof(fs). This special case is usually referred as the octahedral axiom in the
setting of triangulated categories.
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Proof. The goal is to show that Z” is the cofiber of (X” — Y”). Recall that cofibers are
computed as a colimit of the diagram I = [- <— - — -]. For example, the object Z is computed
as the colimit given by the diagram 0 < X — Y. Now we consider the following diagram.

O¢—— Y — Y

O¢—— 0 —/ 0

Taking colimit for the vertical arrows gives 0 «+— Z — Z’ and taking the colimit again
gives Z"”. Similarly, taking first the horizontal arrows and then the vertical arrows gives
cof (X" — Y"”). But colimits commute with each other and thus Z” = cof (X" — Y).

Now for the special case, we apply the above result to the commutative diagram

S

Xi——mmX

P
fao fi

Xi—— X5

O

Example 2.2.12. Consider two short exact sequences in a Grothendieck abelian 1-category
A and compatible maps between them as the following.

0 X Y Z 0
0 X' Y’ A 0

Recall that A naturally embeds into a stable category D(A) which is usually referred as the
Derived category of A. See for example [37, Section 1.3]. An application of the above lemma
implies a special case of the snake lemma in classical homological algebra.

We denote Prast and st the subcategory of Pr” and cat which consists of stable categories.
We recall that the property of being stable is compatible with the finiteness condition we
discussed earlier. In particular, the Ind-completion Ind(Cy) of a (small) stable category €,
is stable . Similarly, the subcategory of compact objects C¢ of a compactly generated stable
category C is stable.

11



Proposition 2.2.13. The equivalence Ind : cat < P : @ restricts to the (very large)
subcategories consisting of stable categories

Ind : st = Prij’st :

6.

2.3 Tensors products of stable categories

We mention that there is a symmetric monoidal structure ® on Pr¥ [37, 28]. The following

lemma implies that it restricts to a symmetric monoidal structure on Prg,st. By Proposition

2.2.13, we thus obtain a symmetric monoidal structure ® on st by sending (Co, D) to
(Ind(Cp) ® Ind(Dy))*, and it has particular nice descriptions.

Lemma 2.3.1 ([16, Proposition 7.4.2]).
Assume € and D are compactly generated stable category over V.

1. The tensor product C ® D is compactly generated by objects of the form cq ® dy with
co € C° and dy € D°.

2. For ¢y, dy as above, and c € C, d € D, we have a canonical isomorphism

Home(c, ¢) ® Homqp (dy, d) = Homegp(co ® dy, c @ d).

We will need this lemma concerning the fully-faithfulness of the tensors of functors.

Lemma 2.3.2. If the functors f; : C; — Dy for i = 1,2 in PrY are fully-faithful, then their
tensor product f1 ® fo: C1 ® Cy = Dy ® Dy is fully-faithful if one of the following condition
18 satisfied:

1. The functor f admits a left adjoint.
2. The right adjoint of f is colimit-preserving.

Proof. We prove (1) and leave (2) to the reader. We first note that since fi® fo = (idp, ®f2)o0
(fi ®ide,). It is sufficient to prove the case when f, = ide,. Denote by ff : D; — €; the
left adjoint of f;. We note that since for any Y € Cy,

Hom(flLle7 Y) = Hom(le, le) = HOHI(X, Y)a

the left adjoint f{ is surjective. Now we notice that being surjective and being a left adjoint
are both preserved under (—) ® ide,. Thus the right adjoint f; ® ide, is fully-faithful since
it has a surjective left adjoint by a similar argument as above. O]

Finally, let (C,®, 1¢) be a symmetric monoidal (co-)category. We recall the notion of
dualizability which we will use later.

12



Definition 2.3.3. An object X in € is dualizable if there exists Y € € and a unit and a
counit : l¢ - Y ® X abd € : X ® Y — 1¢ such that the pair (7, €) satisfies the standard
triangle equality that the following compositions are identities

X W v oy @ X 29 x,

y By e X oy L2y,

We note that this condition implies that the triple (Y, 7, €) is unique in the co-categorical
sense.

The relevant proposition concerning dualizability which we need is the following: Let A €
Plra&S be compactly generated. Denote by Ay its compact objects and by A" := Ind(Ag") the
Ind-completion of its opposite category. We first mention that the proof of the Proposition
2.3.4 below implies that AY ® A = Fun“’ (AP ® Ay, V) = Fun*(AY ® A,V). Here the
superscript ‘ex’ means exact functors and the ‘L’ means colimit-preserving functors. As a
result, the Hom-pairing Homy, : AJ’ ® Ay — V induces a functor

g AYRA =V

by extending Homy, to the Ind-completion. On the other hand, as a functor from Ay’ ® Ay
to V, it also defines an object in A ® A" by the above identification, which is equivalent to
a functor

Na - Vo AR® AV,

Proposition 2.3.4 ([28, Proposition 4.10]). If A € Prl is compactly generated, then it is

dualizable with respect to the tensor product ® on Pr?t, and the triple (AY,na,€q) exhibits
AY = Ind(A?) as a dual of it.

Remark 2.3.5. We note that when Ag contains only one object, Fun®(Ag’ @ Ag, V) recover
the notion of bi-modules. As a result, the tautological bimodule Homy, is usually referred
as the diagonal bimodule and is denoted by Idg,.

2.4 Quotients of small stable categories

We discuss quotients of (small) stable categories. Let Cy € st be a small idempotent complete
stable category and K be a collection of objects in Gy . We would like to construct an
associated localization €y — Co/K so that a morphism f : X — Y with cof(f) € K
becomes an isomorphism in Cy/K. This localization can be defined as a quotient in the
following way. First, we take the stable subcategory (K') generated by K, and then take its
idempotent completion which we will denote it by N = N(K). Abstract argument implies N
is still stable and is embedded in €y as the subcategory of retracts of objects in (K') because
Cp is idempotent complete. Let ¢, : N — €y denote the inclusion and we recall that colimits
exist in st by Proposition 2.2.5.

Definition 2.4.1. We define the quotient Cy/K of Cy by K as the cofiber cof (v,) taken in
st and use j* : Gy — Cy/K to denote the projection.

13



We have the following description of morphisms in Cy/K.

Proposition 2.4.2. Let X, Y be objects in Cy. Then the Hom in Cy/K can be computed as
a colimit,
Home,/x(j* X, j*Y") = colim Home, (X, Y”)
Y=Y/

where the colimit runs through the morphism Y — Y’ whose cofiber is in N. Alternatively,
we can compute the Hom-spaces by varying the first component, i.e.,

Home, k(7 X, j°Y) = colim Home, (X', Y")
X'—X

with cof (X' — X) € N.

To prove the proposition, we first look more closely into the construction. Begin with
the inclusion N < €y, we translate to the category Prl by taking Ind by Proposition 2.2.13

and obtain
Ind(es)
Ind(N) —— Ind(Cy).

Because Ind(s,) preserves small colimits, it admits a right adjoint Ind(z,)%.

Lemma 2.4.3. For X € Cy — Ind(C), the right adjoint of Ind(t.) can be given by the
formula
Ind(z,)®(X) = ¢ colim 7Z.
a:Z—X, ZeN

Here we use the quotation “colim” to emphasis the colimit is taken formally in Ind(N).

Proof. By definition, the formal colimit Zco)l(in% N”Z is an object of Ind(N). Because an
al—X, LE

object of Ind(N) is of the form “@”W over some filtered colimit by some objects in N, it
is sufficient to show, for all W € N,

HOHI@O (LW, X) = Homlnd(N) (W, “a;Z(i?)l(i,HéGN” Z) :

Since Ind(¢) preserves compact objects, we compute

Homnaon (¥, 0y, 2) = , ooy Homn(W. 2) = Romey (7, X).

[]

Proof of the proposition 2.4.2. By passing to right adjoints using Proposition 2.2.13, the
cofiber cof(Ind(c,)) can be computed as,

v : fib(Ind (e, )®) C Ind(Cy),

the subcategory consisting of objects Y such that Hom(X,Y) = 0 for all X € N. Because
we are in the stable setting, this gives us a fiber sequence

Ind(z,)Ind(e,) — id — j,5%.
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Thus, for X,Y € €y, one computes

Home,/x(7° X, j*Y) = Home, (X, j.j*Y)
= Home, (X, cof(Ind(z,)Ind(1.)"Y = Y))
= Homg, (X, cof(“ colim 77 — Y))
a:Z—Y, ZeN

= colim Homg, (X, cof(Z — Y))

aZ—Y, ZEN

= colim  Homg, (X, Y").
Y£>Y’, cof(B)eN

Here, we notice the last equation is simply a change the expression for the same colimit.

To obtain the similar formula which we varies the first component, we notice that there
is equivalence (Co/K)? = CJf /N°? because they satisfies the same universal property. We
thus compute

Home,/x (j°X,7°Y) = Home, /r)er (7Y, 7°X)
= HOmGSP/Nop (]*Y, ]*X)

= colim Homgor (Y, X')
X(lX’, cof (y)eNep

= colim  Home, (X', Y).
X’l>X7 cof(y)eN

We will use the following ”snake lemma” for categories.

Lemma 2.4.4. Consider the following diagram in Prast :

60;7/» e —p»el

P

Dy ——— D —— Dy

where p and q are the quotient functor of the inclusion i and j, Fy is the restriction of F' which
factors through Dy and F is the induced functor between the quotients. Let 1 : fib(F) — €,
denote the fiber of F, m : Dy — cof (Fy) the cofiber of Fy and 0 : ib((F)) — cof(Fy) the
functor given by the composition O = wo jo Fop®ou. If F is an equivalence, then O is an

equivalence.

Proof. For simplicity, we assume € = D and F is the identity so the diagram becomes,
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L
p Y
e() C ! > = 61
" ~
Fy F
Y J q
Dy ¢ PR ¢ Dy
ﬁ\]_/
T
cof (Fp)

We will prove that the functor § := t® o po j o7 is the inverse by showing that 6 o

0 = idgym). The equation 0 o = ideos(r,) can be proved similarly. First write out 60 as
Fpjnfrifipf. Recall that in the stable setting, the sequence Gy — € — G, comes with a
fiber sequence of functors

it — ide — pfp.
Apply this fact to Cq < Dy — cof (Fp), we see there is a fiber sequence

FyFf —id — nfir.
Apply j o (=) o j% and the fiber sequence becomes it — jjf* — jnfrj%. Now apply
po (—)opf and the we see that pjjfip = pjnfrjBpf since poi = 0. Thus, we can simplify
00 to (fipjiftpfe. Similar argument allows us to further simplify 60 to (fippfs = Fidet =
ldﬁb(F') D
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Chapter 3

Microlocal sheaf theory

We will consider microlocal sheaf theory in the higher categorical setting over a fixed co-
efficient V as mentioned in the last section. We begin this chapter with recalling classical
definitions and results from the foundational work in [32]. Then we recall previous re-
sults concerning the category Shy (M) of sheaves microsupported in a fixed (subanalytic)
Lagrangians from [21]. One key property which Shy (M) satisfies is that it is compactly gen-
erated and so an object in Prg’st. Based on this result, we prove a compatibility statement
for Shy (M) regarding the symmetric monoidal product ® on Prl in Section 3.4. We also
identify its categorical dual Shy(M)Y geometrically as Sh (M) in Section 3.6. The last
statement provides a classification of colimit-preserving functors between such categories in

Theorem 1.0.3.

3.1 General sheaf theory

For a topological space X, the category of V-valued presheaves is the category PSh(X) =
Fun(Op%,V) of contravariant functor from the 1-category of open sets in X to V. The
category of sheaves on X, Sh(X), is the reflexive subcategory of PSh(X) consisting of those
presheaves [’ which turn colimits in Opyx to limits. In more concrete terms, F' is a sheaf if for
any open cover U of an open set U C X, the canonical map F(U) = limy,ecqy F(Ur) is an
isomorphism, i.e., sections over U can be computed as the totalization of the sections of the
corresponding Cech nerve C(U). Recall that the term ‘reflexive’ means that the inclusion
Sh(X) — PSh(X) admits a left adjoint, which is usually referred as sheafification (—).
Thus, the inclusion is limit-preserving. Since PSh(X) inherits limits and colimits from V', so
does Sh(X) where colimits in Sh(X) can be computed as the sheafification of the colimits
in PSh(X)

We also recall the six-functor formalism. First, there is a symmetric monoidal structure
(Sh(X),®) on Sh(X) which is induced from V. The unit of this tensor product is the sheaf
1x which is the sheafification of the presheaf (U + 1)) whose restrictions are given by the
identity id;. For a fixed sheaf F', the functor (—) ® F' which is given by tensoring with F' has
a right adjoint Hom(F, —). This provides Sh(X) with an internal Hom. The global section
of this sheaf Hom is the V-valued Hom, i.e., I'(X; Hom(G, F)) = Hom(G, F') € V for any
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F,G € Sh(X).

Let f : X — Y be a continuous map. There is a pushforward functor f, : Sh(X) — Sh(Y)
induced by pulling back open sets f~' : Opy — Opx, V +— f~1(V). This functor admits a
left adjoint f* : Sh(Y) — Sh(X) and the adjunction (f*, f.) is usually referred as the star
pullback/pushforward. When X and Y are both locally compact Hausdorff spaces, there is
another pair of adjunction (fi, ') such that f, : Sh(X) — Sh(Y) and f': Sh(Y) — Sh(X).
This adjunction is usually referred as the shriek pullback/pushforward. When f is proper, fi
coincide with f,.

Remark 3.1.1. Since a large portion of this paper is a sheaf-theoretic parallel of [21], we
mention that their setting corresponds to the choice V = Z-Mod, the presentable stable
category of modules over Z. It can be modified as the dg category of (possibly unbounded)
chain complexes of abelian groups with quasi-isomorphisms inverted. See for example [12].
This category is compactly generated and one usually denote the compact objects (Z-Mod)®
by Perf Z. When representing Z-Mod by chain complexes, Perf Z consists of objects which
are quasi-isomorphic to bounded chain complexes whose cohomology groups are finite rank.

Example 3.1.2. When i : Z — X is a locally closed subset of X, one usually use F|z to
denote i*F for F' € Sh(X) and call it the restriction of F' on Z.

Example 3.1.3. Consider a closed set 7 : Z — X and an open set 7 : U — X. In these
cases, we have i, = i, and j* = j'. In addition, the functors ., j., ji are fully faithful with
the corresponding adjoints being a left inverse.

Example 3.1.4. Let x € X be a point. For F' € Sh(X), we call the object F, = F|g;; €
Sh({z}) =V the stalk of F' at x. An key property of the stalks is that a morphism G — F
is an isomorphism if and only if it induces isomorphism G, — F, on the stalk at = for all
xr € X. We also use the convention that F' has perfect stalk at x if F,, € V) or, equivalently,
F, is perfect. We say that F' has perfect stalks if F), is perfect for all x € X.

Example 3.1.5. Let ax : X — {*} be the projection to a point. The object a',1 is usually
denoted as wx and is referred as the dualizing complex/sheaf. When X is a C%-manifold,
wy is a locally constant sheaf whose stalk is given by 1y[dim X].

Now fix a topological space X. We see that taking integer coefficient sheaves itself forms
a presheaf Sh in Cat: For an open set U C X, we assign the category Sh(U). For an inclusion
of open sets iy, : U < V, we assign the pullback functor i, : Sh(V) — Sh(U) which is
the right adjoint of iy y, : Sh(U) — Sh(V).

Proposition 3.1.6. The presheaf Sh : Opy — Cat is a sheaf.
Proof. Let U be an open set of X and U an open cover of U. The functor

li i7r 172 Sh li h
oy U+ SHU) = 1, Sh(U)

is an equivalence and its inverse limy,ccqy Sh(Ur) — Sh(U) can be described by

(FUI)UIEC(U) — IEOEICI’I(II}) (iUI,U)!FUI-
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We recall some standard properties of the six-functor formalism. First, the categories
of sheaves has a structure of base change. (See [30] for the exact statement in the higher
categorical setting.)

Theorem 3.1.7. Consider a pullback diagram of locally compact Hausdorff spaces,

!/

X/ N Y/

|,
x—1

There is an equivalence g* fy = f/g'".

The push/pull functors satisfy some compatibility properties with @ and Hom. We list
a few which we will use:

Proposition 3.1.8. Let f : X — Y be a continuous map between locally compact Hausdorff
spaces. Then:

1. ff(F®G) = f"F® f*G, for F, G € Sh(Y),

2. (hG)® F = fi(G® f*F), for F, G € Sh(X),

3. Hom(f,G, F) = f. Hom(G, f'F), for F € Sh(X), G € Sh(Y),
4. f*Hom(G, F) = Hom(f*F, f'F), for F, G € Sh(Y).

We recall the excision fiber sequences. Let X be a locally compact Hausdorff space,
i:Z < X beaclose set, and j : U = X \ Z < X be its open complement, then j*i, = 0
by base change and there are fiber sequences

jj'F — F = i,i'F

Wi'F — F — j,j*F
where the arrows are the units/counits of the shriek/star adjunction pairs. Such a triple
(Sh(X),Sh(Z),Sh(U)) is usually referred as a recollement in homological algebra. See for

example [37, Section A.8]. When Z is locally closed, one denotes Fy = iyi*F and I'z(F) =
i,i'F for F' € Sh(X). Thus, one can write the above fiber sequences as

FU—>F—>Fz, Fz(F)—)F—)PU(F>

Let ax : X — {x} denote the projection to a point. We use Ax to denote the pullback
afx A for A € Sh({*}) =V. When X is a manifold, V = Z-Mod, and A is an abelian group
regarded as a chain complex concentrated as 0, a standard representative of Ax is the A-
coefficient singular cochains (U — C*(U; A)). When Z C X is a locally closed subset of X,
we abuse the notation and write Az for both the sheaf in Sh(Z) or its shriek pushforward.
When A = 1y, we abuse the notation and write it simply as 1.
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Definition 3.1.9. We call Az the constant sheaf on Z with stalk A. In general, we say a
sheaf F'is a locally constant sheaf or a local system if there exists an open cover U such that
F|y is constant for U € U and we use Loc(X) to denote the subcategory spanned by such
sheaves.

Example 3.1.10. Let i : Z — X be a local closed subset and F' € Sh(X). By the above
(1) and (2) of Proposition 3.1.8, F®1; = F®ii*lx = 4 (I*F®i'ly) =i (F® 1x) = Fy.
A similar statement holds for open inclusions and the fiber sequence Fy; — F — F; can be
obtained from tensoring F' with the canonical one

1y = 1x — 15.
We also consider set-theoretic invariants associated to sheaves.

Definition 3.1.11. Let X be a topological space and F' € Sh(X). The support of a sheaf
F' is defined to be the closed subset
supp(F) = {x € X|F, # 0}.

Example 3.1.12. Let i : Z — X be a closed subset. The pushforward i, identifies Sh(Z)
as the subcategory of Sh(X) consisting of sheaves F' whose support supp(F’) is contained in
Z.

Before leaving this section, we recall a fundamental lemma for microlocal sheaf theory,
which holds for general Hausdorff spaces.

Lemma 3.1.13 ( [32, Proposition 2.7.2] , [45, Theorem 4.1] ). Let X be a Hausdorff space,
F € Sh(X). Let {Us}ser be a family of open subsets of X. We assume

(a) for allt € R,U; =, Us,
(b) for all pairs (s, t) with s < t, the set U, \ U, N supp(F) is compact,
(c) setting Zs = ﬂt>sm, we have for all pairs (s,t) with s > t, and all x € Z; \ Uy,
(I'x\v, F)e = 0.
Then we have the isomorphism in Sh(X), for all t € R,

I(JUs F) S T(U, F).

3.2 Microlocal sheaf theory

Now let M be a C*-manifold where o € Z~ U {oo,w}. The term ‘microlocal’ usually refers
to ‘local’ in the cotangent bundle 7*M. In [32, Section 5.1], Kashiwara and Schapira define
the notion of microsupport, which is a set in T*M enhancing the support. One description
of it is the following: Let F be a sheaf and ¢ a C* function on M, let m € ¢~1(t). We denote
by igs : {x|¢(x) > t} — M the closed inclusion. We say m is a cohomological F-critical
point of ¢ if (il ,F)m # 0.
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Definition 3.2.1. The microsupport of a sheaf F' is defined to be the closure of the locus
of differentials of the C*! functions at their cohomological F-critical points. That is,

SS(F) = |J {83t € R, (i, F)s # 0,6 = dg, }.

peCt (M)

Although the microsupport is defined as a C''-invariant, it is sufficient to check a smaller
class of functions.

Proposition 3.2.2 ([32, Proposition 5.1.1)). The microsupport of a sheaf F' is the same as
the closure of the locus of differentials of the C'* functions at their cohomological F-critical
points. That is,

SS(F> = U {(Ivé)ﬁt € Rv (Z'Ezth)w 7£ 0’5 = d¢m}

peC*(M)

It is straightforward to see that the microsupport SS(F') of a sheaf F' € Sh(M) is conic
and closed, and its intersection with the zero section SS(F') N 0y = supp(F') recovers the
support. The involutivity theorem [32, Theorem 6.5.4] of Kashiwara and Schapira states
that SS(F) is always a singular coisotropic. Since SS(F’) is conic, it can be recovered from

supp(F’) and its projectivization SS*(F') := (SS(F) \ 0as)/Rso.

Definition 3.2.3. For a closed conic subset X C T*M, we use Shx(M) to denote the
subcategory of sheaves consisting of those F' such that SS(F) C X. Similarly, for a closed

subset X C S*M, we use Shy (M) to denote the subcategory of sheaves consisting of those
F such that SS*(F) C X. Note for a closed X C S*M, Shx (M) = Shr. ,xu0,,)(M).

Example 3.2.4. Let M be a manifold. Being a local system is a microlocal condition. More
precisely, Loc(M) = Shy,, (M).

Example 3.2.5 ([32, Proposition 5.3.1]). More generally, let M = R™, v be a closed convex
cone with vertex at 0, and denote by 7° = {{ € (R")*|{(v) > 0,v € ~} its dual cone.
One has SS(1,) N TyR" = ~°. As a corollary, if M’ C M is a closed submanifold, then
SS(1pr) = N*M’ is the normal bundle of M.

One might want to assign an invariant similar to the stalks for points in (z,£) € S*M.
In general, the object (zlth )2 depends on ¢ and is not an invariant associated to the point
(x,€). However, the situation is better when cartain transversality condition is satisfied.

Definition 3.2.6. Fix a singular isotropic A C S*M, i.e, A is stratified by isotropic sub-
manifolds. Let f be a function defined on some open set U of M. We say that a point x € U
is a A-critical point of f if the graph of its differential 'y intersect RooA U 0y at (z, dfy).
A A-critical point x is Morse if (z, df,) is a smooth point of Ry oA U0, and the intersection
L4 N A is transverse at (z,df,). A function f is A-Morse if all its A-critical point is Morse.

Proposition 3.2.7 ([32, Proposition 7.5.3]). Let A be a singular isotropic. Assume ¢ is A-
Morse at a smooth point (x,£) € A. For F' € Sh(M) such that SS™(F) C A in a neighborhood
of (x,£), the object (z;tF)m €V is, up to a shift, independent of ¢.
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Definition 3.2.8. Let A C S*M be a singular isotropic and (z,£) € A a smooth point. For
F € Shy(M), we call functors fi(z¢) : Sha(M) — V of the form

[y F = (iy F)q

microstalk functors where ¢ is any function which satisfies the assumption in the last Propo-
sition. Since this functor is well-defined up to a shift, which will not play a significant role
in the paper, we will abuse notation and call yi(,¢)F the microstalk of F at (x,§).

Let X C T*M be conic and closed, and let A C (T*M \ X) be a closed conic subanalytic
isotropic. Assume SS(F') C XUA. To determine whether (z,£) € A is in the microsupport of
F, by definition one has to check if (), ,F), vanishes over all functions ¢ such that = € ¢~'(t)
and d¢, = £. However, since A is isotropic, it is sufficient to check the Morse ones.

Proposition 3.2.9 ([21, Proposition 4.9]). Let X and A be as above. Then Shyx(M) C
Shxua(M) is the fiber of all microstalk functors ju ¢ for smooth Lagrangian points (x,§) €
A.

In practice, it is hard to compute the microsupport of a sheaf directly and it is usually
sufficient to deduce desired conclusions by having an upper bound. Here we collect some
standard results for microsupport estimation. Let f : M — N be a map between manifolds,
we use the following notations

df* fr
M M xn T*N- T*N
M L] WN‘
f
M N

where the square on the right is the pullback of the cotangent bundle 7*N of N along f
and df* is given fiberwisely by the adjoint of the differential df, : T, M — Ty N. Let Ty, N
denote the set

{(z,a) € M xy T*N|df ;v = v o df,, = 0}.

Note in case M C N is a submanifold, T};N is the conormal bundle of M in N.

Definition 3.2.10 ([32, Definition 5.4.12]). Let A be a closed conic subset of 7*N. We say
f is noncharacteristic for A if

FHAYNTEN C M xy Oy
For a sheaf ' € Sh(M), we say f is noncharacteristic for F' if it is the case for SS(F').
Proposition 3.2.11. We have the following results:
1. ([32, Proposition 5.1.3]) If F — G — H s a fiber sequence in Sh(M), then

(SS(F) \ SS(H)) U (SS(H) \ SS(F)) C SS(G) C SS(F) U SS(H).

This is usually referred as the microlocal triangular inequalities.
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2. ([32, Proposition 5.4.1]) For F € Sh(M), G € Sh(N), SS(F K G) C SS(F) x SS(G).

3. ([32, Proposition 5.4.4]) For f: M — N and F € Sh(M), if f is proper on supp(F),
then

SS(f.F) C f= ((df")~"SS(F)) .

4. ([32, Proposition 5.4.5 and Proposition 5.4.13]) For f: M — N and F € Sh(N), if f
1s noncharacteristic for F, then

SS(fF) € df*(f7'(SS(F)))

and the natural map f*F® f'ly — f'F is an isomorphism. If f is furthermore smooth,
the estimation 1s an equality.

5. ([32, Proposition 5.4.8]) Let Z C M be closed. If SS(F) N N,

out

(Z) C 0y, then
SS(Fz) € N (Z) + SS(F).
Similarly, let U C M be open. If SS(F) N N (U) C 0y, then

SS(Fu) € Ny (U) + SS(F).

6. ([32, Proposition 5.4.14]) For F' and G € Sh(M). If SS(F') N —SS(G) C 0y, then

SS(F ® G) C SS(F) + SS(G).

7. ([32, Proposition 5.4.14 and Ezercise V.13]) For F' and G € Sh(M). If SS(F)nN
SS(G) C 0y, then
SS(Hom(G, F)) C SS(F) — SS(G).

If moreover G is cohomological constructible, then the natural map
Hom(G, 1) @ F — Hom(G, F)

is an isomorphism. If furthermore F' = wyy, i.e., when Hom(G, F) = Dy (G) is the
Verdier dual, then SS(Dx(G)) = — SS(G).

Sometimes, when the noncharacteristic condition is absent, there is still a less refined
upper bounds for pullbacks.

Definition 3.2.12 ([32, Definition 6.2.3]). We define two constructions of closed conic sub-
sets of cotangent bundles:

1. Given closed conic subsets A, B C T*M, we define A+B to be the closed subset
consisting of points (x,£) € T*M such that, in some local coordinate, there exist
sequence {(x,,&,)} in A and {(yn, )} in B such that z,,y, — z, & +n, — &, and
’xn - yrtHfﬂ' — 0.
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2. Let i : X < M be a closed submanifold and choose a local coordinate (x,y,&,n) of
T*M such that X is given by {y = 0}. Given a closed conic subset A C T*M, we
define i# (A) to be the closed subset of T* X consisting of points (x, ) such that there
exists {(xn, Yn, &, M)} in A such that y, — 0, z, — z, &, — &, and |y,||n.] — 0.

In general for f : M — N and closed conic subset A C T*N, f#(A) can be defined as
a special case of a more general construction which also includes A+ B as a special case.
Moreover, the definition can be made free of choice of local coordinates using the technique
of deformation to the normal cone [32, Section 4.1, Section 6.2]. Also, notice that the above
construction A+B and i#(A) contain A + B and di*(i;*(SS(F))) as closed subsets. It can
be shown that they are equal when the noncharacteristic condition is satisfied.

Proposition 3.2.13. We have the following results:
1. (32, Theorem 6.3.1]) Let j : U < M be open and F € Sh(U), then

SS(j.F) C SS(F)+N;,U.

2. ([32, Corollary 6.4.4]) Leti: Z — M be a closed submanifold and F € Sh(M), then
SS(i*F) C i SS(F).

3. ([32, Corollary 6.4.5.]) Let F', G € Sh(M), then
SS(F ® G) C SS(F)+SS(G), SS (Hom(G, F)) C SS(F)+ (—SS(G)).

The notion of 4 can also be used to measure compatibility between !-pullback and ®.

Proposition 3.2.14 ([32, Exercise VI.4]). Let f : M — N be a morphism of manifolds and
let F,G € Sh(N). If f is non-characteristic for SS(F)+ SS(G), then

['Fe fG=f(Foa).
As a Corollary, we mention a computational tool:
Lemma 3.2.15. Let M and N be manifolds. Then
1. p!NlN = PuWM,
2. wyxy = wy Mwy.
As a Corollary, wyy is invertible whose inverse can be given as A'lyryar.

Proof. Consider the pullback diagram:

M x N Ll N
‘pM ‘GN
a
M - {x}
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For (1), base change a’,an, = pnp%, implies that there exists a canonical map p3,aly —
pvah,. This map is in general not an isomorphism but in our case, we may assume M and
N are Euclidean spaces by checking the map locally. Then the isomorphism follows from
the isomorphism 1y, = T.(R¥; V)[k] and wge = 1ge[k]. For (2), we can use (1) and (4) of
Proposition 3.2.11 and compute that

wy Mwy = pywy ® pywn = pywn @ p!MlM = p!MWM = WMxN-
To obtain the Corollary, we apply Proposition 3.2.14 and compute that

A'(Larsear) @ wyr = A (Lyrsenr) @ A*(piwnr) = A (pjwns) = A'py(1ar) = 1.

Finally, we mention the compatibility between microsupport and limits/colimits.

Proposition 3.2.16 ([32, Exercise V.7|, [31, 2.7]). Let I be a (small) set and {F;}ic; be a
family of sheaves on M index by I. Then there are microsupport estimations,

SS(ED Fi) € Ui SS(F), SS(] [ o) € LiSS(F).

Let X C T*M be a conic closed subset, the above microsupport estimation combined
with the adjoint functor theorem [36, Corollary 5.5.2.9] implies that the inclusion

tx. : Shy (M) C Sh(M)

admits both a left adjoint ¢ and a right adjoint ¢'y. General categorical theory then implies
that the category Shy (M) is its self presentable. We will see in the next two sections that,
under some mild regularity condition, the category Shy (M) is in fact compactly generated
where A C S*M is a singular isotropic.

3.3 Constructible sheaves

The theory of constructible sheaves is based on the results of stratified spaces. Standard
references for stratified spaces are [22] and [39].

A stratification 8§ of X is a decomposition of X into to a disjoint union of locally closed
subset { X }ses- A set Y C X is said to be 8-constructible if it is a union of strata in 8. We
assume, without further mention, that a stratification should be locally finite and satisfies
the frontier condition that X, \ X, is a disjoint union of strata in 8. In this case, there is
an ordering which is defined by s < ¢ if and only if X; C X,. We always implicitly chose
this ordering when regarding 8§ as a poset. For example, we will consider its linearization
§-Mod := PSh(8°, V).

Definition 3.3.1. For a given stratification 8, a sheaf F' is said to be S-constructible if
Flx, is a local system for all s € 8. We denote the subcategory of Sh(X) consisting of such
sheaves by Shg(X). A sheaf F' is said to be constructible if F' is 8-constructible for some
stratification 8.
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For s € §, we denote by star(s) the smallest S-constructible open set containing Xj.
Alternatively, star(s) = [[,o,X:. The poset 8§ can be then identified with the subposet
{star(s)|s € 8} of Opx. Hence, there is a functor §-Mod < Shg(X) induced by the re-
stricting along the inclusion of poset 8 < Opx. A stratification is called a triangulation if
X = |K]| is a realization of some simplicial complex K and 8§ := {|o||c € K} is given by
the simplexes of K. We note that when 8 is a triangulation, the functor § -Mod < Shg(X)
is an equivalence. This follows from the fact that each X is contractible and the following
criterion:

Lemma 3.3.2 ([21, Lemma 4.2]). Let II be a poset with a map to Opyy, and let V[I1] denote
its stabilization. The following are equivalent

o I'(U;V) =1y for U €Il and I'(U;V) = T'(U\ V; V) whenever U V.

e The composition V[II| — V[Opy| — Sh(M) is fully faithful where the second map is
giwen by -pushforward.

We note that the stratification given by the product of triangulations also satisfy this
condition. Thus the following slight generalization of [21, Lemma 4.7] holds:

Proposition 3.3.3. Let § be triangulation of M. Then Shg(M) = 8-Mod. If T is a
triangulation of N. Then Shgys(M x N) = (8 x T)-Mod. Here we denote by 8§ x T the
product stratification.

Now let M be a C“ manifold for o € N5y U {oo,w}. We consider regularity conditions
for stratifications.

Definition 3.3.4. Let M and N be locally closed C* manifolds of R”, with N ¢ M \ M.
Consider sequences x,, € M and y, € N such that x,,y, — vy € N and {T,, M} converges
to 7 (in the corresponding Grassmannian). Assume also {R(z,, — y,)} converges to . We
say the pair (N, M) satisfies the Whitney condition if any such sequence satiesfies 7 2 [. In
general, we say a pair (N, M) of C'! submanifold manifolds of a C* manifold X satisfies the
Whitney condition if the above condition is satisfies on local charts.

Remark 3.3.5 ([39, Chapter 4]). The Whitney condition can also be formulated without
working on coordinates. Recall the normal bundle of the diagonal Ay, <— M x M can
be identified as the tangent bundle TM of M. The real blow-up Bla,,(M x M) can be
seen as a disjoint union P(TM) IT (M x M \ Ay) of the projective tangent bundle and
the off-diagonal. Then we say (N, Ny) satisfies the Whitney condition if for any sequence
(Yn, Tn) € N1 X Ny € Bla,, (M x M)\ Ay such that T, No — 7 and (yn, x,) — [ € P(T'M),
we have [ C 7.

We say a stratification 8 is C* if each X is C* locally closed manifold. A C* stratification
8 is a Whitney stratification if (X;, X;) satisfies the Whitney condition for s < ¢. Let N*§
denote the union Ug,es N* X of the conormals of the strata. The set N*8 is a singular conic
Lagrangian in 7*M and the Whitney condition implies a weaker property that N*& C T* X
is closed. We also use NX 8 to denote the corresponding singular isotropic at the infinity.
The main advantage of considering Whitney stratifications are the following proposition.
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Proposition 3.3.6 ([32, Prop. 8.4.1], [21, Proposition 4.8]). For a Whitney stratification 8
of a C* manifold M, we have Shg(M) = Shys (M) (i.e. having microsupport contained in
N*§ is equivalent to being 8-constructible).

Example 3.3.7. We note that the Whitney assumption is crucial for this proposition. Con-
sider the C'*° map

f:R® = R3
(2, y,2) = (%2, 2%y, 2).

Set V = {2% + y* = 2}, which we note is the image of C' := {2% + y*> = 1} under f. Take
the stratification 8§ = {X1, Xy, X3} of R® where X| = {x = 2%,y = 0}, Xy =V \ Xy, and
Xy = R3\ X,

Figure 3.1: A stratification of R? which provides a counterexample of the above proposition
when the Whitney condition is not present. The red curve is the single 1-dimensional stra-
tum X7, the black locally closed surface is the single 2-dimensional stratum X, and their
complement is the single 3-dimensional open stratum Xj.

We note that 8§ does not satisfy Whitney condition (b). Now consider the sheaf F' :=
f«(1¢). Since f is proper on C, its microsupport SS(F') is bounded by f,((df*)~' SS(1¢)).
Because SS(1¢) = N*C, the slice of (df*)™'SS(1¢) with {z = 0} is given by (R*)? x {0}
at (z,y,0). Thus SS(F) is contained in N*X; C N*8. However, by base change F|x, =
(fle)«(Ls1xgo3ug(1,001xr1) is not a constant sheaf.

Figure 3.2: The picture exhibiting the fact that F' above is not locally constant on Xj.
Stalks along from 0 are given simply by 1y, = T'({*}; V) but the stalk at 0 is I'(S*; V).
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The above proposition is a corollary of the existence of inward cornerings defined by
applying the following lemma which is also proved in the same paper and we will use them
for the main theorem of this paper as well.

Lemma 3.3.8 ([21, Proposition 2.3]). Fiz any 1 < p < oo, and let 8§ be a C? Whitney
stratification of M. Fiz a relatively compact S-constructible set Y. Let 8y = {s|X, C
Y} denote the collection of strata consisting of Y and set N*8y = Uges, N* X, , which is
closed in T*X by the Whitney condition. Then there exists a decreasing family Y of open
netghborhoods of Y such that as € — 0,

1. N*Y€ becomes contained in arbitrary small conic neighborhood of N*Y,
2. N*Y N N*S§ = @ fore > 0.

Definition 3.3.9. For a relative compact S-constructible open set U, an tnward cornering
of U is an open set of the form

U =U\(0U)e.
When e > 0 is small, the inward cornering U ¢ is a codimension 0 open submanifold whose

closure U~¢ is a compact manifold with corners. The family U~ depends smoothly on e.

Its outward conormal N7 .U~ ¢ remains disjoint from N} 8 as € changes, and converges to

N8 uniformly as € — 0.

Combining with the comment on triangulations, we obtain a simple description of sheaves
microsupported in N% 8 for some C!' Whitney triangulation 8.

Proposition 3.3.10 ([21, Proposition 4.19]). Let 8 be a C' Whitney triangulation. Then,
there s an equivalence

Shy: s(M) = §-Mod
1Xs 1,
where 14 is the indicator which is defined by

1L(t) = {1, t <s.

0, otherwise.

In particular, the category Shy« s(M) is compactly generated whose compact objects Shyx s(M)°
are given by sheaves with compact support and perfect stalks.

Before leaving this section, we mention that categories consisting of sheaves which are
constructible with respect to a fixed stratification satisfy compatibility with the symmetric
monoidal structure @ on Pr%. Let T be a Whitney stratification of another manifold N.
The poset structure of 8 x T is given by the product poset structure of § and T, and one
can check directly that (8-Mod) ® (T-Mod) = (8 x T)-Mod. Thus the above proposition
implies that the desired results for wrapped sheaves:

Proposition 3.3.11. Let 8§ be a Whitney triangulation of M and T a Whitney triangulation
of N. There is an equivalence

X : ShN;og(M) (%9 ShN;og'(N) = ShN;O(ng)(M X N)

sending 1star(s) ® 1star(t) to ]-star(s)xstar(t)-
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3.4 Isotropic microsupport

We say a subset A C S*M is isotropic if it can be stratified by isotropic submanifolds. A
standard class of isotropic subsets are given by the conormal N2 8 of a stratification & which
we study in the last section. Assume M is real analytic and we recall that a general isotropy
which satisfies a decent regularity condition are bounded by isotropics of this form.

Definition 3.4.1. A subset Z of M is said to be subanalytic at x if there exists open set
U > x, compact manifolds Y} (i = 1,2,1 < j < N) and morphisms f7 : Y — M such that

ZnU=unl{JUHH\ 7).

j=1
We say 7 is subanalytic if Z is subanalytic at x for all x € M.

Lemma 3.4.2 ([32, Corollary 8.3.22]). Let A be a closed subanalytic isotropic subset of S* M.
Then there exists a C¥ Whitney stratification 8 such that A C N*8.

Combining with the above proposition, we obtain a microlocal criterion for a sheaf F
with subanalytic microsupport being constructible:

Proposition 3.4.3 ([32, Theorem 8.4.2]). Let F' € Sh(M) and assume SS™(F) is subana-
lytic. Then F' is constructible if and only if SS™°(F') is a singular isotropic.

Another feature of subanalytic geometry is that relatively compact subanalytic sets form
an o-minimal structure. Thus, one can apply the result of [13] to refine a C? Whitney
stratification to a Whitney triangulation, for 1 < p < co.

Lemma 3.4.4. Let A be a subanalytic singular isotropic in S*M. Then there exists a C*
Whitney triangulation 8 such that A C N*S.

Combining the above two results, we conclude:

Theorem 3.4.5. Let F' € Sh(M) and assume SS*™(F') is a subanalytic singular isotropic.
Then F' is 8-constructible for some C* Whitney triangulation §.

Collectively, sheaves with the same subanalytic isotropic microsupport form a category
with nice finiteness properties. Let A be a subanalytic singular isotropic in S*M.

Proposition 3.4.6. Let A be a subanalytic singular isotropic in S*M. The category Shp (M)
18 compactly generated.

Proof. Fix a C!' Whitney triangulation § such that A C N* 8 by Lemma 3.4.4. Recall that
§-Mod = Ind(Perf 8) is compactly generated. For F' € Shy(M), there exists F; € Shyx s(M)
such that 1y, F' = @E Thus

F = yupF = t)ta, h_n;FZ = thZFZ

Now note that 1,*F; is compact in Shy(M) since 1§ 1y, 4 ¢y and the left adjoint of left
joint preserves compact objects. 0
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Corollary 3.4.7. When M is compact, if F' € Shy(M) has perfect stalks, then F is in
Shy (M)©.

Proof. Apply Lemma 3.4.4 to include Shy(M) C Shg(M) as in the last proposition and
conclude the statement by Proposition 3.3.10. O]

Now recall from Proposition 3.1.6, the presheaf Sh in Cat of (V-valued) sheaves is itself
a sheaf. Since a set can be recovered from its intersections with an open cover, the same
argument shows that the assignment U + Shy (U) forms a sheaf Shy in Cat as well. In fact,
since for an open inclusion j : U < M, j* = j' is a right adjoint, Shy forms a sheaf in
Prf = (Pr)?. By Proposition 2.2.5 and Proposition 2.2.13, passing to left adjoints turns

Shp to a cosheaf in Pr({j’ «» and taking compact objects further turns it to a cosheaf in st.

Proposition 3.4.8. The precosheaf Sh{ : Op,, — st is a cosheaf.

For an inclusion of subanalytic singular isotropics A C A’, by picking a C!' Whitney
triangulation 8 such that A’ C NZ 8, a similar consideration as above shows that the inclusion
Shp (M) < Shy/(M) has both a left and a right adjoint. Thus,

Proposition 3.4.9. Passing to left adjoint, the inclusion Shy(M) < Shp/ (M) induces a
canonical functor Shy (M )¢ — Shp(M)¢ between compact objects.

Let A be a singular isotropic, (z,£) € A, and consider the restriction of the microstalk
functor to the compactly generated categories fiz¢) : Sha(M) — V. By applying its left
adjoint to the generator 1 € V, we see that it is tautologically corepresented by the compact
object ,ufz’é)(l) € Shy(M)°. Furthermore, when there is an inclusion A C A’ and (z,&) € A/,
the corepresentative M(Lx’g)(l) € Shy/(M)¢ is sent under Shy/(M)¢ — Shp(M)° to a similar
corepresentative in Shy (M)¢ and, they are tautologically sent to the zero object when (x, &)
is a smooth point in A’ \ A. By Proposition 3.2.9, the converse is also true:

Proposition 3.4.10 (Theorem 4.13 of [21]). Let A C A’ be subanalytic isotropics and
let D, A(T*M) denote the fiber of the canonical functor Sha(M)® — Shp(M)e.  Then
@’X,A(T*M) is generated by the corepresentatives of the microstalk functors ji(,¢) for smooth
Legendrian points (z,£) € A\ A.

Before we leave this chapter, we prove Theorem 1.0.2 by generalizing of Proposition
3.3.11. Here for closed subsets X C S*M and Y C S*N, we use X x Y to denote the
product in S*(M x N) which is defined by the infinite part of the product of the cones over
them, i.e., the set

(00 UR=oX) x (Oy URsoY)) /Rug C S*(M x N).

Proof of Theorem 1.0.2. To deduce the general case from the triangulation case, pick a Whit-
ney triangulation T of N such that ¥ C N*T and consider the following diagram:

X

ShA(M) &® ShE(N) ShAXE<M X N)
Sh+s(M) @ Shy=5(N) = Shy«sxn+7(M x N)
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The fully-faithfulness of the vertical functor on the left is implied by Lemma 2.3.2. Since
the diagram commutes, the horizontal map on the upper row is also fully-faithful. Pass to
the left adjoints and restrict to compact objects, the equivalence for the general case will
be implied by Proposition 3.4.10 and the proposition cited bolow, whose counterpart in the
Fukaya setting is discussed in a more general situation in [19, Section 6]. O

Proposition 3.4.11. Let (z,§) € N*8 and (y,n) € N*T. We denote by D, ¢ and D,
corepresentatives of the microstalk functors at (x,§) and (y,n). Then D¢ X Dy, .y corep-
resents the microstalk at (x,y,&,1n).

Proof. By Proposition 3.4.10, it’s sufficient to show that for F' € Sh(M) and G € Sh(N),
there is an equivalence

tiae) (F) B iy (G) = pie e (F R G)

since corepresentative are unique. This is the Thom-Sebastiani theorem whose proof in the
relevant setting can be found in for example [38, Sebastiani-Thom Isomorphism| or [47,
Theorem 1.2.2]. O

Remark 3.4.12. We remark that the theorem is stated as compatibility between vanishing
cycles with exterior products X in the setting of complex manifold. The proof, however,
holds in our case since vanishing cycles ¢;(F) are traded with I'res>01(F)|f-1(0) at the
beginning of the proof in for example [38]. Furthermore the various computations performed
there, for example,

f(Dy(F)) = Dx(f'F),

for a real analytic map f : X — Y, require only R-constructibility.

3.5 Convolution

One can combine the six-functors to build more general functor between sheaves on topolog-
ical spaces. Let X, i = 1,2, 3, be locally compact Hausdorff topological spaces, and write
Xij = X; x X, for i < j, X123 = X1 x Xy = X3, and 7;; : Xj93 — X;; for the corresponding
projections. For F' € Sh(Xs), G € Sh(Xa3), the convolution is defined to be

GOM'2 F = 7T131(7T;3G® 7TT2F) S Sh(Xlg)

When there is no confusion what Xj is, we will usually surpass the notation and simply write
it as G o F'. This is usually the case when X; = {*}, Xy = X, and X3 = Y and we think
of X as the source and Y as the target, G € Sh(X x Y) as a functor sending ' € Sh(X) to
G o (F) € Sh(Y). Note that from its expression, this functor is colimit-preserving.

Lemma 3.5.1 ([32, Proposition 3.6.2]). For fized G € Sh(Xy3), the functor G o (=) :
Sh(X12) — Sh(Xi3) induced by convoluting with G has a right adjoint which we denote it as
Hom®(G, —) : Sh(X13) — Sh(X12) and is given by

H 5 119, Hom(nh, G, o H). (3.1)
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Example 3.5.2. We note that convolution recovers x-pullback and !-pushforward. For
example, let f: X — Y be a continuous map and denote by ¢ : I'y C X x Y its graph. Take
Xy ={x}, Xo = X, and X3 =Y, then for F' € Sh(X),

Ip, o F' = iy \(1p, 7% F) = ny i nx F' = fiF.
We note that base change implies that convolution satisfies associativity.
Proposition 3.5.3. Let F; € Sh(X;;41) fori=1,2,3. Then
Fyox, (Fyox, F1) = (F3o0x, F5) oy, Fi.
In particular, if G1, G5 € Sh(X x X), then there is an identification of functors
Gyo(Gio(=)) = (Gaox Gy)o(—).

We will use a relative version of convolution. Let B be a locally compact Hausdorff
space viewed as a parameter space. Regard F' € Sh(Xj2 x B), G € Sh(Xa3 x B) as B-family
sheaves, one can similarly define the relative convolution Go|gF € Sh(X;3x B) by replacing
T with

Tij,B - X123 X B — Xij x B.

In the case of manifolds, convolution satisfies certain compatibility with microsupport.
For A C T*My and B C T*Mys3, we set

BoA={(z,§,2) € T"Ms|3(y,n), (x,&,y,n) € A, (y,—n,2,() € B}.

Note if A and B are Lagrangian correspondences satisfying appropriate transversality con-
dition, the set B o A is the composite Lagrangian correspondence twisted by a minus sign
on the second component. Write g;; : T Mi93 — T™M;; to be the projection on the level of
cotangent bundles and ¢o.3 the composition of ¢.3 with the antipodal map on T*M,. Then
Bo A= q3(ga5B N g5 A) and (4), (6) and (3) of Proposition 3.2.11 implies the following
corollary.

Corollary 3.5.4 (]26, (1.12)]). Assume
1. py3 is proper on My x supp(G) Nsupp(F') x Ms;
2. Qaus SS(G) N gy SS(F) N 0xy, x T* My X Opz, € Ongys-
SS(G o F) C SS(G) o SS(F).

A similar microsupport estimation holds for the B-family case. One noticeable difference
for the microsupport estimation is that instead of 7% M,;; and T* M3 one has to consider
T*M;; x T*B and T*Mja3 X (I'*B x5 T*B) instead. Here xp is taken over the diagonal
B — B x B. Also the projection r;; : T* M3 X (T*B xp T*B) — T*M,;; x T*B for the B-
component is now given by the first projection (with a minus sign) for ij = 12, the addition
for ij = 13, and the second projection ij = 23. Otherwise the microsupport estimation is
similar to the ordinary case.

Now consider a pair of manifold M and N, fix a conic closed subset ¥ C T*N, and
K € Shppxy(M x N). For F € Sh(M), assumption (i) from the previous Corollary 3.5.4
is never satisfied for K o F'. Nevertheless, we show that SS(K o F') C Y.
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Lemma 3.5.5. Let K € Sh(M x N) and Y be a conic closed subset of T*N. If the micro-
support SS(K) is contained in T*M XY, then SS(py, H) and SS(ps H) are both contained in
Y.

Proof. Let pq, p2 denote the projection from M x N to M and N. We would like to apply (2)
of Proposition 3.2.11 so we need to obtain properness with respect to ps. Pick an increasing
sequence of relative compact open set {U;};eny of M such that M = U,y U; and notice
that the canonical map C?&m Hywy, — H is an isomorphism. Thus by (2), (4), and (7) of

Proposition 3.2.11, we can compute that

SS(paH) = SS(C(Z?&HI P2 Hu,xn) € Usen SS(p2i Hu, xn)

C Uien P2,(SS(Hy,xn) N0y X T*N)
g UiEN pQW(T*M xY N OM X T*N)
C Ujen pQW(OM X Y) C UjenY =Y.

To prove the case for py, we further requires that U; C U; C Uy, and apply the same
computation to the limit F' = lirlr\ll Iy (H). O
i€ ¢

Proposition 3.5.6. Let K € Shp«pxy (M x N). Then the assignment F' — K defines a
functor
K o(—=):Sh(M) — Shy(N).

Proof. We recall that, for ' € Sh(M), K o F = nn (K ® 73, F). By (iii) of Proposition
3.2.13, there is microsupport estimation

SS(K @ w3, F) € SS(K)+(SS(F) x 0p7) C (T*M x Y)4+(T*M x Oy).

Now the description of + in Definition 3.2.12 implies that if (z, £, y,7) is a point on the right
hand side, then it comes from a limiting point of a sum from (z,,,&,, Yn,nn) € T*M X Y and
(x),&,yh,0) € T*M x Oy. Thus (y,n) € Y, SS(K @ 73, F) CT*M x Y, and we can apply
the last lemma to conclude the proof. O]

We will see that in the next section that the above integral transform classifies all col-
imiting preserving functors between categories of the form Shj(M) where A is a singu-
lar closed isotropic. Before we leave this section, we notice that for a conic closed sub-
set X C T*M, we can take any K € Sh(M x M) and obtain a universal integral ker-
nel t* v K € Sh_x.x(M x M). By the above proposition, ¢* y, v(K) defines a functor
U vy x (K)o (=) :Sh(M) — Shx(M). On the other hand, we can consider similarly functors
Sh(M) — Shx (M) which are defined by F — o* (K)o % (F) or F +— % (K o F). The
claim is that they are all the same.

Lemma 3.5.7. The following functors Sh(M) — Shx (M) are equivalent to each other:
1 F s 05 (K o 05 (F)),
2. F—= 1 v x(K)oF,

33



3. F s i* o (K) 0 % (F).
In particular, 5 (F) = t* v x(1a) o F.

Proof. We note all three of the expressions on the right hand side are in Shx (M) by the
previous Proposition 3.5.6, and we can see directly that, by Lemma 3.5.1 and the right
adjoint version of Proposition 3.5.6 that

Hom(:* x, x(K) o G, F) = Hom (G, Hom" (" x, x (K), F))
— Hom (14 (G), Hom®(i" 5 (), F) = Hom(i* x5 (K) 0 4 (G), F)

for ' € Shx(M), G € Sh(M). Thus (ii) and (iii) are the same.

Now we show that Hom(¢* v, (K)o G, F) = Hom(/% (K o 1%G), F) for F € Shx (M),
G € Sh(M). We've seen that the left hand side is the same as Hom(G, Hom®(v* v, v (K), F))
and the target is in Shy(M). A similarly computation will imply that the right hand side is
the same as Hom(G, ¢y Hom®(K, F)) and the target is again in Shy(M). This means that
we can evaluate at G € Shy (M) and prove the quality only for this case. Assume such a
case, so tautologically G = (5 G, and we compute that

Hom(:* v, (K)o G, F) = Hom (L*_XXx(K), fHom(p{G,p!QF))
= Hom (K, Hom(p;G, pyF)) = Hom(K o G, F) = Hom(/% (K o 1% (G)), F).

Note that, for the third equality, we use (4) and (7) to conclude that Hom(piG,phF) €
Sh_Xxx(M X M) O

3.6 Dualizability

Classifying colimiting-preserving functors shares a close relation with the notion of duality in
Definition 2.3.3. In the algebraic geometric setting, this is usually referred as Fourier-Mukai
[7]. One strategy to prove such a theorem is, the evaluation and coevaluation should be
given by some sort of diagonals geometrically [15, Section 9]. The equivalence between such
geometric diagonals and the categorical diagonals discussed in Proposition 2.3.4, which is
implied by the uniqueness of duals, will provide such a classification.

In our case, we denote by A : M < M x M the inclusion of the diagonal and by
p : M — {*} the projection to a point. By Proposition 1.0.2, there is an identification
Sha(M) ® Sh_p(M) = Shax—a(M x M). Under this identification, we propose a duality
data (1, €) between Shy (M) and Sh_, (M) in Prl, which is given by

€ :plA* : Sh,AXA(M X M) -V
N =ty aAAup" 1V — Shax a(M x M).

Recall that we use ¢}, : Sh(M x M) — Shpax_x(M x M) to denote the left adjoint of the
inclusion Shayx_a(M x M) < Sh(M x M). Note also that since V is compactly generated
by 1y, the colimit-preserving functor 7 is determined by its value on 1y, so we will abuse the
notation and identify it with 7. In order to check the triangle equalities, we first identify
id ®e.
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Lemma 3.6.1. Under the identification
Sha (M) @ Shopxa (M x M) = Shax—asxa(M x M x M),
the functor
id ®e : Sha(M) @ Sh_pxp (M x M) — Shy(M) ® V = Shy (M)
is identified as the functor
p1(id XA)* 2 Shay axa(M x M x M) — Shp(M).

Proof. Since both of the functors are colimit-preserving and the categories are compactly
generated, it is sufficient to check that py,(id xA)* o X = id ®(pA*) on pairs (F,G) for
F € Shy(M)¢ and G € Sh_pxa(M x M)¢ by Proposition 2.3.1.

Note that we do not need the compactness assumption for the following computation. Let
qi 1 M3 — M and ¢o3 : M3 — M? denote the projections qi(z,y,2) = x and gu3(7,y,2) =
(y,2). We note that ¢; o (id xA) = p; and g3 o (id XxA) = A o p,. Thus,

pu(id XA)(F X G) = p1,(id XA) (1 F ® g33G) = p1(p1 F' @ pyA™G)
= F @ (pupA*G) = F @ (p'pA*G) = F @y (pA*G).

Note that we use the compatibility properties (1) and (2) in Proposition 3.1.8 and the base
change Proposition 3.1.7 for the six-functors in this computation. O

Remark 3.6.2. A similar computation will imply that n ® id can be identify with
L*A><—A><A(1A &‘) : ShA(M) — ShAx—AxA(M x M x M)

Now we check the triangle equality (idgn,(a) ®€) o (7 ® idsn,(ary) = idsn, (). In other
words, we check that the composition of the following functors

(L*AX—AA*p*) ®id

ShA(M) ShAX_A(M X M) X ShA(M)
EN
p1!<1d XA)*
ShAfoxA(M x M x M) ShA(M)

is the identity. The other triangle equality can be checked symmetrically.
Proposition 3.6.3. The above equality holds.

Proof. Let F' € Shy(M). The composition of the first two arrows sends (1y, F') to
(Mo (thxaAup”) ®@id) (1y, F) = (thx_pAuly) K F.
Apply pr,(id xA)* and we obtain
prulid XA (1 Alar) B F) = pr, (1 Aelar) @ p5F)
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To see that iy ((thx_aA«ly) ® p3F) = F, we use the Yoneda lemma to evaluate at Hom(—, H)
for H € Shy(M) and compute that

Hom(py (¢ aAslar) @ p3F) , H) = Hom (3, _yAular, Hom(pyF, py H))
= Hom (A, 1y, Hom(ps F,p  H))
= Hom (1M,A Hom(ps F, le))
= Hom (1, Hom(F, H)) = Hom(F, H).

For the first equality, we use (3) and (6) of Proposition 3.2.11 to obtain SS(p5F') = 05 xSS(F)
and SS(py H) = SS(H) x 0y, and they further imply the microsupport estimation

SS(Hom(psF,pi H)) C (SS(H) x 0p7) + (04 x — SS(F))

since (0a; x SS(F)) N (SS(H) x 037) C Onrxar and Hom(piF,pt H) € Sh_pxa(M). We use
(4) of Proposition 3.1.8 to obtain the second to last equality. H

Because duals are unique, there is an equivalence Sh_, (M) = Shy(M)Y and we denote
by Dy : Sh_p(M)¢ = Shy(M)%°P the induced equivalence on wrapped sheaves associated to
the pair (M, A). Thus, there is a commutative diagram given by the counits:

nA*
Sh_AXA(M X M)
I
Sh_ (M) @ Shy (M)
Ind(Dy) ® id ‘
Sha(M)" @ Sha (M) v
Om(_> _)
Here we abuse the notation and use Hom(—, —) to denote the functor induced by its Ind-

completion. In particular, for G € Sh_,(M)¢ and F' € Shy (M), there is an identification
Hom(D\G, F) =p(G® F).

A consequence of this identification is that colimit-preserving functors are given by integral
transforms, i.e., Theorem 1.0.3 discussed in the introduction. We mention the following
proof is adapted from [7] where they study a similar statement in the setting of algebraic
geometry.

Proof of Theorem 1.0.3. The identification is a composition
Sh_axs(M x N) = Sh_x(M) ® Shg(N) = Shy (M) ® Shg(N) = Fun®(Shy (M), Shg(N)).

The effect of the first equivalence identifies FXG with (F, G) for F' € Sh_,(M)¢, G € Shy(N)
and these objects generate the corresponding category by Lemma 2.3.1 so it is sufficient to
identify them. For F' € Sh_,(M)¢ and any G € Shy(N), the pair (F,G) is first sent to
(DAF, G) and then the functor (coY(DpF')) ®y G where we use coY to denote the co-Yoneda
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embedding. For this computation we use py; : M x N — M to denote the projection to the
M-component, ay; : M — {*} the projection to a point, and similarly to N. We evaluate

the functor at H and compute again by base change, Proposition 3.1.7, and Proposition
3.1.8 that

((coY(DAF)) @y G) (H) = (ay*Hom(DyF, H)) ® G
(an*am(F®@ H)) ® G

(pnvipv"(F@ H))® G

pny (pv™(F @ H) @ pyG)

v (FXRG)®pyH)=(FXG)o H.

Note we use the fact that Dy F is the object corepresenting (G +— ayn(F ® G)). O
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Chapter 4

Isotopies of sheaves

Let (X,w,Z) be a Liouville manifold and « = tzw be the Liouville form. Consider an
isotopy of Lagrangian submanifolds conic at infinity L;, ¢ € [0, 1]. One says that the isotopy
L; is positive if a(0;0sL;) > 0. Standard Floer theory implies that there is a contin-
uation element c¢(L;) € HF*(Lg, Ly) if Ly and L; intersect transversally. For any triple
(Ko, K1, K3) of transversally intersected Lagrangians, there exists also a multiplication map
w: HE* (Ko, K1) @ HF* (K, K9) — HF*(K, K3). Thus, for suitable K’s, multiplying ¢(L;)
induces a map HF* (L, K') — HF*(Ly, K) which is usually referred as the continuation map
and is one key ingredient for defining the wrapped Floer category. See for example [20,
Section 3.3] for details.

4.1 Continuation maps

We recall here the sheaf-theoretical continuation maps studied in [26]. A dual construction
can be found in [53] and [27]. In the sheaf-theoretical setting, objects correspond to the
continuation elements are simply morphisms/maps between sheaves. Thus, we simply use
the term continuation maps to refer both the morphisms between sheaves and the induced
maps on the Hom’s. We denote by (¢, 7) the coordinate of T*R and by TZR = {7 < 0} the
set of non-positive covectors. -

Lemma 4.1.1. Let M be a manifold, [—oo, 0] be the compactification of R at the two
infinities, p : M x R — M be the projection, j : M X R < M X [—o0,00| be the open
interior, and iy : M x{Z+oo} < M x[—00, 00| be the closed inclusion at the positive/negative
infinity. Then for a sheaf F' € Shy«prur=r(M X R), there are isomorphisms p.F = i* j.F
and piF[1] = 4% j. F identifying the two pushforwards as nearby cycles at the infinities.

Proof. We first prove the case when supp(F') C M x [—C, C] for some C' € R-. In this case,
i* o F = it j,F = 0 and p,F' = p,F since p is proper on supp(F). Let € M be a point.
Base change implies that (p.F), = I'({x} X R; F|{z1xr). Apply the microsupport estimation
SS(f*F) C f#(SS(F)) from (2) of Proposition 3.2.13 to the inclusion of the slice at z, and
we obtain SS(F|zyxr) € TR so we reduce to the case M = {}. In this case, consider the

family of open sets {(—o0,t) }ier. The noncharacteristic deformation lemma, Lemma 3.1.13,
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implies that T'(R; F) = T'((—oo,t); F) for all t+ € R. Since supp(F) is compact, the latter
vanishes for ¢ << 0.

Now for the general case, we first notice there are canonical morphisms p,F" — i* 5, F
and @* j, F' — pF[1] functorial on F: Let j_ : M x R < M X [—00,00) denote the open
embedding compactifying the negative end. For any G € Sh(M x [—o00,0)), there is a fiber
sequence

J-JtG = G —i_i"G.

Set G = j_,F and recall that j*j_, = id, we obtain the fiber sequence
Jo B — i F—i i j_F.

Let p_ : M X [—00,00) — M denote the projection (and similarly for p,). The canonical
morphism p,F — ¢* j,F is obtained by applying p_, to the above fiber sequence. The
morphism 7% j, ' — p F[1] can be obtained similarly.

Recall that there is fiber sequence

Frrx (o000 = F = Farx0,00)-

(5) of Proposition 3.2.11 implies that both Fix(—cc,0 and Firx(0,00) are contained in 7% M x
TZR. So it is sufficient to prove the cases when supp(F') C M x (—oo, C] and when supp(F') C
M x [~C, 00) for some C' € Ry.

We first prove the cases in which the objects vanish: Assume supp(F') C [—C,00). We
claim p, FF =0 =4* j,F. One computes

p*F = p*F[—C,oo) = P« lim F[—C,n] = lim p*F[—C,n] =0
n—oo n—oo

by the case when supp(F) C M x [—-C,C] for some C' € R. Similarly, by considering the
colimit
F(,OQC} = colim F(,mc],

n—oo
one conclude piF' = 0 = ¢* j, F' when supp(F) C (—o0, C].
Now assume supp(F') C (—oo,C] and we claim p,F = i* j,F. Consider again the fiber
sequence
Jo B — g F—i 3" j_F.

Apply p_, and notice that p_, = p_, for these sheaves because of the compact support
assumption. Thus, we obtain the fiber sequence

pF — p.F—i"j F.

Since piF' = 0 by the previous case, p,F' = ¢* j__F. The other isomorphism can be obtained
similarly. O]

To define the continuation map, we need a prototype version of Theorem 1.0.4. For the
rest of the section, we use I to denote an open interval and (¢, 7) to denote the coordinate
of its cotangent bundle T%1.
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Proposition 4.1.2 ([26, Proposition 4.8]). Let ¢, : Shr«prurs /(M x I) = Sh(M x I) denote

the tautological inclusion. Then there exist left and right adjoints o* = v, 4 ¢' which is given
by convolutions *F = 1gspn[l] o F and ' F = Hom®(Lyy~y (1], F). Here we denote by (t,t')
the coordinate of I?.

Proof. Assume for simplicity I = (0,1). We first show that SS(1yyss o F)) € T*M x TZ1.
Let my,m : M x I x I — M x I denote the projection 7y (z,t,t') = (z,t) and mo(z,t,t') =
(z,t'). Then lysy o F = 7y [(77F)mxqrsty)- In order to estimate the effect of 7y on
the microsupport, we need the map m to be proper on the support of the sheaf. Thus,
let j: M xIxI< Mx(—1,1) x I denote the open inclusion extending I — (—1,1),
mh o M x(—1,1)x I — M x I denote the projection to the first and the third components, and
factorize 1gyss o F' to mh, ji[(77 F) pmxqe>ty]- Before taking ), one observes that, by (4) and
(5) of Proposition 3.2.11 and (1) of Proposition 3.2.13, none of the operations introduces
non-zero covectors on the second I-component to the microsupport except when taking
(=) mx{r>t, covectors of the form (0,0, —0) for 0 € Ry might be added to the cotangent
fibers over the boundary {t' = t}. Thus

SS(Liwrsey o F) = SS(mh, ji[(77 F) arxcgrr>y])
C (7)) (SSG[(TT F) miscgesy]) N T*M x 0_y,1y x T*1)
CT*M x T:I.

For the right adjoint ¢!, we note that

Tli_glo(l{t—rgt’gt} ol) = T11_>I£107T2![(WTF)Mx{t—rgt'gt}]

N

= WQ*TILIEO[(WIF)MX{t—rgt’St}]
= Wz*[(WTF)Mx{t'St}]-

Thus one can argue as the left adjoint case. (Note the last term is different from 1<y o F
in general since limits do not commute with convolution.)
In sum, we’ve shown that there are functors

1{t/>t}[1] o (—), Tlil’{.lo (1{t77'§t’§t} o (—)) . Sh(M X [) — ShT*MXT%I(M X I)

In order to show that these are indeed the desired adjoints, it is sufficient to show, for exam-
ple, that the canonical morphism 15, — 1{y~4[1] becomes an isomorphism after convoluting
with sheaves in Shp«yrurs(M x I). Recall that convoluting with 15, is the same as the
identity functor. -

Consider the fiber sequence

]-{t’>t} — 1{t/2t} — 1AI'

We have similarly 1>y o F' = moy(77 F)pxqe>1y and a similar microsupport estimation
implies that, before applying mo;, SS ((WTF)MX{t/Et}) CT"M x TZI x T*I. Thus, the last
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lemma 4.1.1 implies 7o) [(77 F) prxe>ey) i the nearby circle of (77 F )y« p>e at oo along the
first I-direction and it is 0. Thus F = 1x, 0 F = 1ypsy[1] o F. A similar argument shows

lim (1g—r<p<iy 0 F) = F for F with the same microsupport condition.
r—00 -

Finally, we notice that 1g_,<y<y o (=) is the inverse of 1gy,~psi3[1] o (—). Thus the
functor 1y_,<p<yy o (=) is equivalent to FHom®(1yqrspse[1], —) and

].lm (1{t_r§t/§t} o F) = llm g‘(omo(l{t+7‘>t/>t}[1}7 F)

r—00 r—00

= U‘COIHO(CTO_IEOI? 1{t+r>t’>t} [1], F) = J{omo(l{t/>t}[1], F)

[]

Now let ' € Shyepsxr= (M x I) and, by the preceding lemma, F' = 1gysy(1] o F. Let
a € I and let i, : M — M x I denote the slice at a. Applying i results the isomorphism
itF = 1_sa[l] o1 F. Recall that for a < b, there is a canonical morphism 1(_sq)[1] —
1(—oo,p[1] induced by the open inclusion (—o0,a) < (—00,b).

Definition 4.1.3. For F € ShT*Mngl(M x I)and a <bSet F, =i’ F for x € I. We define

the continuation map ¢(F, a,b) : F, — F}, to be the (homotopically unique) morphism ¢ that
makes the following diagram commute:

Fa Fb

1(,00@)[1] off — 1(,00717)[1] oF

The continuation maps inherit various properties from 1(_ ). For example, they com-
pose in the sense that
c(F,as,a3) o c(F,ay,as) = c(F,ay,a3)

since the conical map 1(_sc.a;) = L(—o0,a2) = L(—o0,a5) COMpPOse t0 1(_ooa;) =+ L(—o0,ay)- Let
Plap) : N X [a,b] — N denote the projection. If F|yy[q = Pl.yG 1s a pullback from N for
some G € Sh(N), one can identify F, = G = F;, through the canonical map F' — i,,i*F. In
this case, the continuation map ¢(F, a,b) is equivalent to this identification F, = F,. Note
because convolution o is compatible with colimits, we have the following corollary.

Corollary 4.1.4. For F € ShT*NxT;I(N x I), the canonical map COli{Il F. — F, is an
< r<

1somorphism.
The dual statement for limits is false in general.

Example 4.1.5. Let N = {x} and take F' = 1(_o0. Then F; = 1y when t < 0 and 0
otherwise. Thus Fj = coli(r)n F. but Fy # lin(} F,.
r< s>

However, we will consider the noncharacteristic situation.
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Definition 4.1.6 ([43]). Let B be a manifold. For F € Sh(M x B), we say that F is
B-noncharacteristic if the inclusion i, : M x {b} — M x B is noncharacteristic for F for all
b € B. Equivalently, F' is B-noncharacteristic if SS(F#") N (0p X T*B) C Oprx 5.

Lemma 4.1.7. Let F' € Sh(M x I) be I-noncharacteristic. Then,
1. The natural morphism i; F[—1] — i.F is an isomorphism for t € I.

2. If G € Sh(M x I) such that Hom(G, F) is I-noncharacteristic, then iy Hom(G, F) =
Hom(i:G, i} F).

3. Denote by q : M x I — I the projection. If q is proper on F', then q.F is a constant
sheaf. Moreover, if F' € Shp«prurs (M X I), the continuation maps of F' are sent to
1somorphisms under q,. -

Proof. For (i), the equivalence i; F[1] = i.F follows directly from (4) of Proposition 3.2.11
and the observation that since q o i; = id, one has i} 1y = i} 0 ¢'1p[1] = 1p/[1].

For (ii), apply (i) and use the fact that it Hom(G, F)[—1] = Hom(i} G, i.F)[—1].

For (iii), (3) of Proposition 3.2.11 implies that SS(¢.F) C ¢,(SS(F) N0y x T*I) C 0;
so ¢« F' is a constant sheaf by Example 3.2.4 and the fact that R is contractible. For the
statement of continuation maps, recall that they are given by 1(_o 4 0 F' — 1(_s s o I for
s < t. Since ¢.F = qF, they are sent to I'.((—00, 5); ¢ F) — I'c((—00,1); ¢« F') by ¢. which
are isomorphisms. O

Corollary 4.1.8. Let F' € ShT*NxT;[(N x 1). If F' is I-noncharacteristic, then the canonical

map F, — lim Fy is an isomorphism.
s>t

Proof. We will use g;; to denote the projection from N x I x I to the corresponding com-
ponents and p; the projection from N x I. By the above Lemma 4.1.7, F, = i.F[1]. Apply
Proposition 4.1.2 and compute by base change and (4) of Proposition 3.1.8, we see that

Fy = i, P[1] = i, Hom® (Liy».y[1], F){1] = iyq12, Hom(Lywqsssy, q1sF)
= p1,(iy x id;) Hom(Lnxis=sp, q13F) = pr, Hom(Inw (t.00), F).
That is, for t < s, the continuation map also corresponds to the map
Pr Hom (1 (t,00)[1], F) = pr. FHom (1 (s,00) [1]; F)
and, since x-push commutes with limits and Hom(—, F') turns limits to colimits, we have

lim Fy = lslgtl P1, Hom(1nx(s,00) 1], F) = p1, Hom(Inxt,00)[1], F) = Fi.

s>t

]

We conclude this section with a homotopical invariant property of the continuation map
in the following setting. Let I and J be open intervals and let (t,7) and (s,o) be the
corresponding coordinates of their cotangent bundles. Let G € Sh(M x I x J) be a sheaf
such that SS(G) C {7 < 0}. For any = € I, we use Gi—, ‘= G|px{z}xs to denote the
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restriction and similarly for G,—,, y € J. Note by (2) of Proposition 3.2.13, the same
condition SS(Gs—,) C {7 < 0} holds. Assume further that there exists a < b in I such
that SS(Gy=a), SS(Gi=p) € T*M x 0;. By Lemma 4.2.12, this implies that there exist F,,
F, € Sh(M) such that G-, = piF, and G-, = p:F, where we use p; : M x J — M to
denote the projection. Note that, for each y € J, the restriction G4, induces a continuation
map ¢(G,y,a,b) : F, — Fy,.

t=a t=25
F, F
c(G,y,a,b)
s=1y
/ c(G,y,a,b)
S=Y

Proposition 4.1.9. The morphism ¢(G,y,a,b) is independent of y € J.

Proof. Since SS(G) C {7 < 0}, a family version of Proposition 4.1.2 implies
G =1a,x70°JG = Ligsgx[l] o [,G

is an isomorphism where o|; is the J-parametrized convolution. In particular, there is an
isomorphism Gy—, — l(—0,a)xs/1] © |G and thus a (J-parametrized) continuation map

ci(G,a,b) : Gieg = Gip.

For y € J, let i, : M — M x J denote the inclusion of the slice at y. By Proposition
3.1.8, there is equivalence iy(K o [;G) = K|y 0 Gi=y for K € Sh(I x J). This implies
that c;(G,a,b) restricts to ijc;(G,a,b) = c(Ge=y,a,b) = c(G,y,a,b). Hence, the i,* -1,
adjunction induces a commuting diagram,

CJ(G7 a, b)
Gt:a Gt:b
l iy,c(G,y,a,b ‘
iy*iy*Gt:a ! ( ) iy*iy*Gt:b
which is equivalent to
cj(G,a,b)
p;Fa p:Fb
l iy, c(G,y,a,b ‘
iy*Fa ’ ( ) iy*Fb
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Since J is contractible, the horizontal arrows become isomorphism after applying ps,.

Pencs(G,a,b
F, (G

c(G,y,a,b
F, ( ) F,

That is, the continuation map ¢(G,y, a, b) is equivalent to ps,c;(G,a,b) for all y € J.
O

Remark 4.1.10. One can see from the proof that the continuation maps enjoy higher homo-
topical independence.

4.2 Sheaf-theoretical wrappings

We specialize to the cases of I-family sheaf which come from the Guillermou-Kashiwara-
Schapira sheaf quantization in this section. Recall that when M is a smooth manifold, its
cotangent bundle admits a canonical symplectic structure (7% M, da). The Liouville form « is
compatible with the R.y-action which freely acts on T*M. Thus, there is an induced contact
structure on the cosphere bundle S*M. It can be realized as a contact hypersurface of 7% M
by picking a Riemannian metric. There is a dictionary between homogeneous symplectic
geometry of T*M and contact geometry of S*M. Thus, we will use them interchangeably
when one language is more convenient. See subsection 2.1 of the Preliminary for a more
detail discussion.

Definition 4.2.1. Let M, B be a manifolds and I be an open interval containing 0. We
say a C® map ® : S*M x I x B — S*M is a B-family of contact isotopies if for each
(t,b) € I x B, the map @) = ®(—,t,b) is a contactomorphism and ¢g, = idg«p for all
be B.

As remarked above, a B-family of contact isotopies ® corresponds to a B-family of
homogeneous symplectic isotopies (of degree 1), which we abuse the notation and denote it
by ® as well. For fixed b € B, we let V3, denote the vector field generated by ¢; ;. Since ¢y,
is homogeneous, Vg, is a Hamiltonian vector field with «(Vs,) being its Hamiltonian. The
latter is the function which evaluates to au, (. (2@ (2, €)) at op(z,§).

Proposition 4.2.2. For each B-family of homogeneous symplectic isotopies ®, there is a
unique conic Lagrangian submanifold Ag in T*(M X M) x T*I x T*B which is determined
by the equation T}y(I x B)o Ae = A,,, where the later is {(z, =, ¢rp(7,§)) |(z,€) € T*M},
the twisted graph of @p. More precisely, it is given by the formula

A = {(xa —¢, Sot,b(aja 5)7 t, _C“(Vq’b)(@t,b(xa f)): b, Qo p(3,6) © d((I) © i$,£7t)b('))} (4'1)

where the parameters run through (z,§) € T*M,t €I, b e B, and the map iz 15 the
inclusion of B as the (x,&,t)-slice. We use the same notation Ag to denote its projection to
S*(M x M x I x B) which is a Legendrian submanifold.
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The following theorem of Guillermou, Kashiwara, and Schapira is a categorification of the
more classical statements of quantization which usually have operators as the quantized ob-
jects. The proof given there is the non-family case. Since the (global) existence is proved by
using the uniqueness property to glue local existence and the local picture depends smoothly
on the family J", the same proof holds for the family version with minor modification [26,
Remark 3.9.].

Theorem 4.2.3 (|26, Proposition 3.2]). Let M be a manifold. For a J"-family contact
1sotopies ® 1 S*M x [ x J* — S*M where J is an open interval, there exists a unique sheaf
kernel K(®) € Sh(M x M x I x J") such that SS™(K(®)) C Agp and K(P)|i=o0 = 1a,,xJn-
Moreover, SS™(K(®)) = Ag is simple along Ag, both projections supp(K) — M x I x J"
are proper, and the composition is compatible with convolution in the sense that

1. K(mo@):K(\P)Oth}nK(@),
2. K(@il) (o] |IXJ”K(¢) — K((P) O |IXJ”K(¢71) - 1A]M><]><Jn.
Here @' is the J"-family of isotopies given by ®~1(—,t,b) == ¢t_bl

Remark 4.2.4. The equality SS®(K(®)) = A¢ as well as a few other properties of K(P)
followed by the uniqueness is explained in [23].

We refer the above process of obtaining the sheaf kernel K(®) from a contact isotopy
® or a J"-family of contact isotopies ®, for n > 1, as the Guillermou-Kashiwara-Schapira
sheaf quantization or GKS sheaf quantization in short.

Example 4.2.5. The construction in [26, Example 3.10, Example 3.11] works more general:
Consider a manifold M and take a Riemannian metric g. Denote by H the homogeneous
Hamiltonian H(z, &) = 1/g.(€,€), (x,€) € T*M and ® the corresponding positive isotopy.
For small 1— << s < 0, denote by Z; := {(z,y) € M x M|d(z,y) < |s|} the closed subset
of the pairs of points with distance less than s where d(z,y) is the metric induced on M
by g. Then the slice K(®)|, is given by the 1, and the continuation map from time-s to
time-0 is given by 17, — 1a. To get the continuation map to the positive time, we note that
Hom(1a, piwrr) = AAPY 1y = 1a. Since H(z,€) is time-independent, we conclude by the
uniqueness statement that, for small 0 < ¢ << 1, the time-f continuation map is given by
1a = Hom(1a, piwy) — Hom(1z_,, piwn) = K(P)|;.

A corollary of the GKS sheaf quantization construction is that contact isotopies act on
sheaves and the action is compatible with the microsupport:

Corollary 4.2.6 ([26, (4.4)]). Let & : S*M x I — S*M be a contact isotopy. Then the
convolution

K(®)|;o (=) : Sh(M) — Sh(M)
F s K(®)|, 0 F
is an equivalence whose inverse is given by K(®~')|, o (=). For a sheaf F € Sh(M), there is
an equality SS(K(®) o F) = Ag 0 SS(F). In particular, if we set Fy == (K(®) onr F)|pxey»

then SS™(F;) = ¢4 SS™(F) fort € I. Furthermore, if F' has compact support, then so does
F, forallt €.
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We will consider the notion of wrapping for sheaves. Recall that in contact geometry, a
wrapping is usually referring to a one-parameter deformation of Legendrians L; in a contact
manifold Y. The wrapping is positive (resp. negative) if a(9;L;) > 0 (resp. a(d;L;) < 0) for
some compatible contact form a. An exercise is that such a deformation L, can always be
extended to a contact isotopy ® on Y. Since deformations of singular isotropics are not yet
available at this moment, we first consider globally defined contact isotopies on S*M, and
then use them to deform sheaves through GKS sheaf quantization.

Remark 4.2.7. The term wrapping comes from the example on T *(R/Z) with the isotopy

given by
@+, £>0,

In this paper, we will use the term positive/negative wrapping to mean either a posi-
tive /negative isotopy, a family of sheaves induced by such an isotopy, or the corresponding
family of singular isotropics of those sheaves by taking SS®(—). Since these two notions are
dual to each other, we will mainly work with positive isotopies and simply refer them as
wrappings when the context is clear.

We will consider the totality of all such wrappings in the next section. For now, we
consider wrapping a single sheaf and develop a perturbation trick which we will use later.
Let & : S*M x I — S*M be a contact isotopy isotopy and denote its GKS sheaf quantization
by K(®). For F' € Sh(M), the convolution K(®) o F'is an object in Sh(M x I), which we
think of it as an isotopy of F' and denote it by F'® for simplicity. By abusing the notation,
we write Iy = 7 (F'®) € Sh(M) where i; : M x {t} < M x I is the slice at ¢ so that Fy = F.
When @ is positive, the expression of Ag implies that SS(K(®)) C {7 < 0} and there is
continuation map K(®); — K(®); for s <t and it induces continuation maps F; — F; for
s<ton F.

Proposition 4.2.8 (Perturbation trick). Let F' and G € Sh(M) be sheaves such that
supp(F) Nsupp(G) is compact. Let & : S*M x I — S*M be a positive isotopy such that
©i(SS™(F)) NSS™(G) = @ fort > 0. Then the continuation map F — Fy, induces an
1somorphism

Hom(G, F) = Hom(G, F},)

forty > 0.

Remark 4.2.9. We note that when G is cohomologically constructible with perfect stalks,
the object Hom(G, F},) from the last proposition is the same as I'(M; Hom(G, 1,,) ® F,,) by
(7) of Proposition 3.2.11. This can been seen as a sheaf-theoretic analogue of the procedure
of making Lagrangians intersect transversally and will be used frequently in Chapter 5.

Before we start the proof, we recall some constancy results from general sheaf theory.
Let f: X — Y be a continuous map between locally compact Hausdorff space. Denote by
Shy(X) the subcategory of Sh(X) consists of objects F' satisfying the condition F|p-1(, €
Loc(f~!(y)) for all y € Y. We note that f*G € Sh;(X) for G € Sh(Y).
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Proposition 4.2.10 ([32, Proposition 2.7.8]). Assume there is an increase sequence of closed
subsets {X,} such that X,, C Int(X,41), X = U, X, and f, = f|x, is proper with con-
tractible fibers. Then, the adjunction f. : She(X) S Sh(Y) : f* is an equivalence of cate-
gories.

Corollary 4.2.11. Let M, B be manifolds and assume B is contractible. Letp: M xB — M
denote the projection. Then F € Sh(M x B) is of the form p*G for some G € Sh(M) if and
only if Flizyxp is locally constant for all x € M. In this case, G = p.F.

By Example 3.2.4, Corollary 4.2.11, and (2) of Proposition 3.2.13, we conclude:

Lemma 4.2.12. Let B be a contractible manifold and p : M x B — M be the projection. A
sheaf F € Sh(M) satisfies p*p.F' = F if and only if SS(F) C T*M x 0Op.

Proof of Proposition 4.2.8. We note that the microsupport estimation S‘S(F ®) C Ao OS'S(F )

implies that the sheaf F'® is I-noncharacteristic. Thus by Corollary 4.1.8, the canonical map

F— %inol F, is an isomorphism. Since taking global sections I'(M; —) preserves limits, the
>

continuation map Hom(G, F) = Hom(G, F},) can be obtained from the composition of

Hom(G, Fy) = Hom(G, 1ti>n(r)1Ft) = 1t1>rgl Hom(G, F;) — Hom(G, Fy,)

where the last morphism is the projection from the limit diagram. We claim that this
diagram is actually a constant diagram after applying I'(M; —).

Consider the sheaf Hom(p*G, F'®) € Sh(M x I). Apply (7) of Proposition 3.2.11 and the
microsupport estimation

SS(Hom(p*G, F*)) C (SS(F®) + (— SS(G) x 0))

implies that Hom(p*G, K(®)o F) € Shy«pprs (M x I) is also I-noncharacteristic. A similar
computation as in Corollary 4.1.8 implies that continuation maps obtained from applying
Hom(G, —) to the continuation maps of F is the same as those associated to Hom(p*G, F?).
Denote by ¢ : M x I — I the projection to I. The assumption that supp(G) N supp(F) is
compact implies that ¢ is proper on supp (fHom(p*G ,F CI’)) so we may apply the microsupport
estimation to conclude, by Lemma 4.2.12 above, that ¢, Hom(p*G, F'®) is a constant sheaf.
Finally, properness and /-noncharacteristic assumptions that

(¢ Hom(p*G, Fé))t = Hom(G, F)

which concludes the proof.

4.3 The category of positive wrappings

We will define the category of positive wrappings whose morphisms will be given by concate-
nation. In order to define concatenation easily, we assume that the isotopies are constant near
the end points, and the interval I will be a closed interval for this section. This requirement
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doesn’t lose much information since for any positive contact isotopy ® : S*M x [0, 1] — S*M,
one can always make it have constant ends through a homotopy of positive isotopies. For
example, pick a non-decreasing C* function p on R such that p|(_o,1/3 = 0 and p|2/3,00) = 1,
then an example of such a modification is given by ®(x,&,t,s) = ®(x, £, (1 —s)t+sp(t)). By
Proposition 4.1.9, they induce equivalent continuation maps and two such identifications can
itself be identified by a similar consideration and so on. Thus, when we mention isotopies
obtained through nature constructions such as by integrating from a time-independent vector
field, we will implicitly assume such a deformation procedure.

Definition 4.3.1. Let I = [to,t1], J = [so,s1] be two closed intervals. We use [#J to
denote the concatenated interval (I IT J)/{t; ~ so}. For isotopies ® : S*M x I — S*M,
U S*M x J — S*M, the concatenation isotopies W#® : S*M x (I#J) — S*M is the
isotopy which is given by

| @(,e1), tel,
(W#®)(z,&1) = {xp(@(x,&,tl),t)’ tel

If I = J, one can also define the pointwise composition ¥ o ® : S*M x I — S*M by

(Vo ®)(x,&,t) = VU(P(x,&,t),1)).

Note that, up to a scaling, ¥ o & and V#® are homotopic to each othert and, if both ®
and U are positive, they are homotopic through positive isotopies.

Definition 4.3.2. Let 2 C S*M be an open subset. We say a contactomorphism ¢ :
S*M — S*M is compactly supported on € if ¢ equals idg«y; outside a compact set C' in €.
Similarly, a contact isotopy ® : S*M x I — S*M is compactly supported on Q if ¢, = id
outside a fixed compact set C'in Q for all ¢t € I.

Definition 4.3.3. We define the category W () of compactly supported positive wrappings
on  as follows: An object of W () is a pair (¢, [®]) such that ¢ is a compactly supported
contactomorphism and [®] is a homotopy class of compactly supported isotopies, defined
on a closed interval I, having ¢ as its end point and realizing it as Hamiltonian. Note
that the degenerate case I = {x} is allowed. We will often simply write (¢, [®]) by ®
without emphasizing that it is a homotopy class through the paper when it is irrelevant. A
l-morphism ¥ : [®g] — [®4] is a positive isotopy U such that [@,] = [U#®,]. Composition of
I-morphisms is given by concatenation. For Wy, Wy : [®g] — [®4], a 2-morphism is a positive
family of isotopies © : S*M x I x J — S*M which is constant near the end points on the
J-direction such that ©(—,t,s;) = V;(—,t) and O(—,t;,s) = ®;(—), i =0, 1. Here t; and s;
are the end points of I and J. An n-morphism will be a homotopy between n — 1 morphisms
with the obvious boundary conditions and similar constancy requirements.

We will later take colimit over the category W (Q2) and we show such colimit is filtered.
Recall that a 1-category C is filtered if,

1. € is non-empty,
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2. for any X,Y € C, there is Z € € with morphisms X — Z and Y — Z, and,
3. for any more morphism f,g: X — Y, there exist h : Y — Z such that ho f =hog.

This is the same as the condition that for any (ordered) n-simplex K, n € [—1, 1] and any
functor F': K — €, there is an extension F' on K” where K” is the n+1 simplex obtained by
adding a final cone point to K. For example, we can realize a pair of morphisms f,g: X — Y
as a hollowed triangle consisting of vertices X, X, Y and edges idy, f, g without the presence
of the face. A final cone point Z provides a morphism h : Y — Z for the edge between YV
and Z. The existence of the three new faces and the fact that the only 2-morphism in a
1-category is the strict equality implies ho f = h o g.

Definition 4.3.4. A category C is filtered if for any simplex K and any functor I : K — C,
there is an extension F': K* — C.

Example 4.3.5. Consider the case when K = S? is the 2-sphere, or more precisely, when
K = A? is the standard 2-simplex such that the base face has three vertices being a fixed
object X, three edges being idy, and the face being the trivial identification. This is essen-
tially the situation that there are objects X, Y, a 1-morphism f : X — Y, with a non-trivial
2-automorphism 7" on f. The condition of € being filtered means that there exist g : Y — Z
such that the auto equivalence g o7 on g o f is trivial, that is, g o T = id .

The following proposition is a version of [20, Lemma 3.27].
Proposition 4.3.6. The category W () is filtered.

Proof. Similarly to the situation in classical algebraic topology, it is sufficient to check the
case when K = S, the n-sphere for n € Z>,.

When n = 0, we are given two homotopy classes of contact isotopies &y and ®; with
the same end point ¢, and the goal is to find another contact isotopy ® and two positive
contact isotopies ¥y and ¥y such that [@] = [Uo#Dg| = [¥;#P,]. We first notice that,
up to a rescaling, [®;'#®y] = [®;'#®,] = [idg-ps]. So it is sufficient to modify &' and
@' by composing some ® so that ® o ;' and & o &' are positive. Let Hy, H; denote
their Hamiltonians. Since ®;' and ®; ' are compactly supported, there exists a compact set
C C Q) such that Hy and H; are zero outside C'. Pick a positive real number r such that
r > max(|Hy|, | H1|), relative compact open sets U, V in S*M such that C CU CU CV C
2, and a bump function p such that p|y = 1 and p = 0 outside V. The contact isotopy P’
generated by rp will satisfy the requirement by the Leibniz rule.

When n > 0, we are given a family of morphism Wy : &, — ®; parametrized by § € ™!
such that [®;] = [Wp#P], and we have to show that, by possibly further concatenation, this
family can be made to be null-homotopy through positive isotopies. By precomposing ®;*,
we may assume there is an S™ !-family of positive isotopies ¥y and a fixed (not necessarily
positive) isotopy @, such that, for each § € S™"! there exists a homotopy Xy : S*M x
I x [0,1] — S*M connecting ® to Wy. We can extend this map to a D"-family of isotopy
X S*M x I x D" — S*M by 3(z,&,t,r0) = Yg(x,&,t,r) where we write elements in D"
as 70 by r € [0,1] and 6§ € S"!. Now the same compactness argument as before shows that
there is a positive isotopy @’ such that &' o ¥ is positive. O
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Let F: € — D be a functor. For any diagram p : D — &, the colimits cogm(p o F)
and cojl:}mF exist if either one exists. Thus, it is well-defined to write the canonical map

cogm(p oF) — colDlm F.

Definition 4.3.7. A functor F' : € — D is cofinal if, for any diagram p : D — &, the
canonical map colcim(p oF)— cojljim F' is an isomorphism.

In the 1-categorical setting, a more classical convention is that a functor is cofinal if and
only if,

1. for any d € D, there exists ¢ € € and a morphism d — F(c),
2. for any morphism f, g : d — F(c), there exists h : ¢ — ¢ such that F'(h)o f = F(h)og.

An equivalent way of saying it is that the fiber product € xpd/D is non-empty and connected
for all d € D. Here, d/D is the over category whose objects are morphisms of the form d — d’
and a morphism h : (f :d — d') — (g : d — d”) is given by a morphism h : " — d” such that
ho f = g, the fiber product is taken over the canonical projection d/D — D by (d — d') — d’
and F. Recall a 1-category is said to be connected if the associated 1-groupoid (by formally
inverting morphisms) is connected. The equivalence of these definitions is the Quillen’s
theorem A. In the oo-categorical setting it states:

Theorem 4.3.8 (Quillen’s Theorem A). A functor F': € — D is cofinal if and only if the
fiber product € X d/D is contractible for any d € D.

Now consider the following construction: Forn = 1,2, -- -, take a family of open set €2,, C
S*M such that Q, C Q, C Q,41, Unez>o 2y = S*M, and Q,, C S*M is relative compact.
For n > 0, pick bump function p,, such that p, < pni1, pnlo, = n, and vanishes outside €, 1.
Let @, : S*M x [0,n] — S*M be the isotopy generated by p,. Since p; < ps < -+ p, < -+,
there exists positive isotopy ¥,, : S*M X [n,n + 1] — S*M such that the ®,’s and ¥,,’s

form a sequence id —% ®; 2% .-+ in W (). That is, the above data organizes to a functor
D . ZZO — W(Q)

Lemma 4.3.9. The functor ® : Zso — W(Q) is cofinal.

Proof. By Quillen’s Theorem A, we need to show that Zsq Xy (q) (®/W(£2)) is contractible.
Let & € W(Q) and let H denote its Hamiltonian. Since ® is compactly supported there exist
a compact set C' C S*M such that H vanishes outside C. Pick n large such that C' C §2,, and
max(H) < n. Then the factorization ®,, = (®,,0®~!)o®d provides an morphism ® — ®,, since
composition is homotopic to concatenation. Thus, the fiber product Zxq Xy o) (®/W(2))
is equivalent to {n € Zso|p, > H}. Since pn,41 > pp, by our construction, the latter is
equivalent to the poset of integers larger than min{n : p,, > H} and is contractible. O

Now we quantize the above construction. For (¢, [®]) € W(Q) where ® is defined on
M x [to, 1], set w(P) = K(P)|;, to be the restriction of the GKS sheaf quantization K (®;)
at the end point. We note that since we require the end point ¢ to be fixed, the sheaf
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w(®) € Sh(M x M) depends only on the homotopy class [®] by formula 4.1 and Lemma
4.2.12. For a morphism ¥ : &, — &, since V¥ is positive, formula 4.1 again implies there
is a continuation map ¢(V) : w(Py) — w(Py). Similarly, for a pair of morphisms Wy, ¥ :
dy — Dy, if there is a homotopy © between ¥, and ¥y, Proposition 4.1.9 implies that K (O)
provides an identification between the continuation maps ¢(¥g), c(¥y) : w(Py) — w(Py).

Definition 4.3.10. Organizing the above construction, we obtain a functor w : W(§2) —
Sh(M x M) sending an object ® to the corresponding sheaf kernel w(®), a l-morphism
U : &5 — P, to the continuation map ¢(¥) : w(®;) — w(Py) , and higher morphisms to
higher equivalences of continuation maps. We will refer this functor as the wrapping kernel
functor.

For a sheaf F' € Sh(M) and a contact isotopy ® : S*M x [0, 1] — S*M, convoluting with
K (®) produces a sheaf K(®)o F on Sh(M x [0, 1]) and we use the notation F; = (K(®)oF)|;
for t € [0,1] as before. Base change 3.1.7 and compatibility of six-functor formalism 3.1.8
implies that there is an identification

(K(®)o F)|i=1 = K(®)|jz1 0 F =w(P)o F

functorial on ® and F. When ¥ : &5 — &, is a positive family of isotopies, we use c¢(¥, F') :
w(Pg) o F' — w(Py) o F to denote the induced continuation map. To simplify the notation,
we sometimes use F“(®) to denote w(®) o F. When there is no need to specify the isotopy,
we simply write it as F*. Similarly, when VU is unspecified, we simply write ¢ : F* — F*'
for the continuation map. We prove a locality property which we will use later.

Proposition 4.3.11. Let ®q, 1 : S*M x I — S*M be contact isotopies. If &y = ;1 for on
SS®(F) x I, then w(®g) o F = w(Py) o F. Similarly, let Uy, ¥y be positive contact isotopies.
If Wg = Wy on an open neighborhood Qo of SS™(F), then ¢(V, F) = c¢(Vy, F).

Proof. We abuse the notation and use ®; to denote the corresponding homogeneous sym-
plectic isotopies. By convoluting with ®;', it is enough to assume ®; = idg-3; and show
that Fv(®0) = [, We have SS(K(®g) o F) C SS(K(®g)) o SS(F) C SS(F) x 0;. Hence by
Proposition 4.2.12, F; is constant along constant on ¢.

Similarly, let H; > 0 denote the Hamiltonian of ¥;, i = 0,1. Let Wy be the homotopy of
isotopies between W, and W, generated by the Hamiltonian H(x,&,t,s) = (1—s)Ho(x,&,t)+
sHy(z,&,t). Since Wy = ¥y on Qq, V|q, is constant on s. Thus Proposition 4.1.9 applies to
K (U)o F and we conclude ¢(Vy, F') = (U4, F). O

The above construction defines a functor from Sh(M) to [W(€2), Sh(M)] since the expres-
sion w(®) o F is functorial on F. Further composing with the functor of taking limits and
colimits defines functors 20%(Q) : Sh(M) — Sh(M). Since the subcategory of W (£) consists
of objects (g, [®]) such that there exists a positive isotopy ® representing [®] is cofinal, we
can informally write the formula by

WH(Q)F = colim F*, W (NG = lim G“ .

F—Fw e e,

With this definition, we can generalize Proposition 4.1.2 to Theorem 1.0.4.
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Proof of Theorem 1.0.4. Set = S*M \ X and let F' € Sh(M). We first show that for any
(2,€) € Q, (x,€) € SS®(W*(F)), i.e., for any function f defined near x such that f(z) =0
and df, € R-o, the restriction map (20%(F)), — T'y<0y (2% (F)), is an isomorphism. Since
the situation is local and df, # 0, by changing a coordinate, we may assume f = z; the
first coordinate function near x = 0. Pick a family of open balls U; centered at x such that
Ui 2 Uit1 2 Uiq and N;U; = {z}. The stalk I';<y (20F(F)), can be computed by the
colimit colim T (U; N {z; < 0}; W*(F)).

We ﬁr;t prove the negative case. For each 7, we take a small positive wrapping ®;
supported in € such that w(®;) o 1y,nfz, <0y = lg, with 0 € U, and U, shrinks to z as i — oo.
For example, take U; x C; in € containing (z,£) where {C;} is a family of small balls on
the fiber direction with a condition similar to the {U;}. For each i, pick a bump function
pi; on S*M supported on U; x C; and equals 1 near (x,§). Take H; to be the Hamiltonian
associated to the Reeb flow with shrinking speed and modify it to p; H;. Finally, take ®; to
be the isotopy associated to p; H;.

We compute,

I'(U;Nn{z <010 (F)) = hm Hom (1y,nfz, <0}, w(®) o F)
= llm Hom (w ) © Luinfai <oy, w(P;) o w(P) o F)
(

= hm Hom (15, w(®; 0 [;®) o F)
.y <Ui; 917’(F)> .

Here we use the fact that w(®;)o is an equivalence for the second equation. For the last
equation, we use the fact that negative wrappings of the form ®; o ® is initial in W (Q2). Take
i — 0o and we conclude (0~ (F)), = Ti<03(2(F)), and 50 (W (F)), = 0.

Now we turn to the positive case. We take the same family of U;, ®; and U, and compute,

r (Ul N {1'1 < 0}, Qn+(F)) = Hom (1Uiﬂ{r1<0}7 CV?/I(IQI? (U}((I)) o) F))

= Hom (w((I)Z-) o 1y,nfar <0}, w(P;) 0 (Cv(l)/l(lﬂlgl w(®P) o F))

= Hom <1Uiﬂ{:v1<0}7 CV([)/I(iQr?(w(CDi o|;®)o F)>

- (ﬁi; mﬁ(F)) .
We use the fact that w(®;)o is a left adjoint so it commutes with colimits for the third
equation. Take i — co and we get (07 (F)), = (7«0} (W (F)), and T3 (W (F)), = 0.

From the above computation, we see that 20%(Q) : Sh(M) — Sh(M) factorizes to
Shx (M). Finally, we show that 207 (Q2) 4 ¢, 4207 (2). Take G € Shx (M) and F € Sh(M).
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We compute,

Hom (G, 207 (F)) = Hom (G, Vlvigzl)w(cp) o F)

= lim H ®)o F
i om (G, w(®) o F)

= lim H dHoG, F
dim Hom (w(® ') oG, F)
= lim Hom (G, F') = Hom (.,.G, F) .
w(Q)
The second to last equality is implied by Proposition 4.3.11 since ® is compactly supported
away from A D SS™(G). A similar computation shows that

Hom (207 (F),G) = Hom (F, 1,.G).
O

Remark 4.3.12. We mention that, aside from the prototype cases [53, 26, 27] mentioned in
the introduction, special cases for such geometric descriptions can be found in, for example,
[33] in the setting of toric homological mirror symmetry which are defined by using the group
structure of the torus and are crucial for matching the data with the coherent side.

Notation 4.3.13. Recall that we use % : Sh(M) — Shx (M) to denote the left adjoint
of the inclusion tx, : Shx(M) < Sh(M) for a conic closed subset X C T*M. By the
above Theorem 1.0.4, when A C S*M is a singular isotropic, we will use the notation
5 (M) = ¢} : Sh(M) — Shy(M) when emphasizing that ¢} is given by wrappings. When
there is no ambiguity for the ambient manifold M, we simply write it as 20}. We will use a
similar notation for the right adjoints.

4.4 Duality in dimension one

Recall in Section 3.6, we show that Sha(M)Y = Sh_,(M) and use the uniqueness of counits
to conclude Theorem 1.0.3. We show in this section that the uniqueness of units provides
a formula for the equivalence on compact objects Shp(M)®? = Sh_, (M )¢ and we use The-
orem 1.0.4 to compute some examples in dimension one. Thus, we consider the following
commutative diagram:

o A,p*
y AT G (M x M)

|
Sha(M) ® Sh_x (M)

Y Sha(M) ® Shy(M)Y
Idsn, (ary
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Here we recall that Idgp,(a) is the diagonal bimodule induced by the Hom pairing
(G,F) — Hom(G, F) for F'; G € Shy(M)°. Thus, the object ¢}, _,1a represents it and,
for FF € Shy(M) and G € Sh_, (M), we have the identification,

Hom(F X G, ), _p1a) = Hom(F,DAG).

Proposition 4.4.1. The equivalence Shy(M)Y = Sh_,(M) provided by Proposition 5.1
mduces an equivalence on compact objects

Sh_ o (M) = Shy (M)
G+ DA(G) = p1, Hom(p3G, th g 1a).

By Theorem 1.0.4, ¢}, ,1a = 205, ,1a and we compute some examples in dimension
one using this fact.

Example 4.4.2. Let M = R! and A = Ogs, i.e., the case of local systems Loc(R!) = V

is generated by 1g1, the constant sheaf on R!. Since there is no microsupport condition,
Wi a1a = Ig2[1] and Dp(1g1) = 1gi[1].

Example 4.4.3. Let M = R" and A = Og: U T; .R" where we use T .R" to denote the
non-positive cotangent fiber at 0. In this case, the wrapped sheaves Sh_, (M) is generated
by {1g1, 1(_s,0)} and the product microsupport condition is given by

Ax =N ={(2,9,0,0)} U{(0,y, = 0)} U{(x,0,0,7)} U{(0,0, =& n)}

where x,y run through R and &, n run through [0, co).

174

Figure 4.1: The product microsupport condition (in purple).

To compute W, ,1a, we note that since there is no stop toward the (1, —1)-direction
and the diagonal is allowed to expand to an open region drawn below. In addition, when
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[1)

Figure 4.2: We use purple to indicate the microsupport condition and green for the support
of the “expanded diagonal”.

away from the origin, the upper boundary is allowed to bent toward the second quadrant.
Take the colimit and we see that 205, 1a = 1y[1] where U = {x > 0} U {y < 0}.

Recall that, for a locally close subset i : Z < X, the functor I'y is defined to be 7,i' and
this implies the identification I'z o I'ys = I'zz. We also use (3) of Proposition 3.1.8 to get
the identification Hom(1z, F') = T'z(F). We can thus compute that Dy(1g1) = p1, 1y[l] =
1(0,00)[1]7 and

DA (1(—00,0)) = Pr. Hom(Igtx (—o0,0), 1[1]) = P1.TR1x(—00,0) © T'r(1r2) (1]
= pl*F(Rlx(foqo)mU) <1R2> [1] = pl*FRlx(—oo,O) (1R2)[1]
= pl*l]Rl X (—00,0] [1] = 1]R1 [1] .

In other words, up to a shift and a sign, Dy swap 1g: and 1(_ ) in this case.

Example 4.4.4. Let M = R! and A = Ogz U T;R!. In this case, the wrapped sheaves
Sh_a(M)° is generated by {1ri,1(—sc0),l0,0)}. Equivalently, A = N*8 where 8 is the
stratification 8 = {{x}, (—00,0), (0,00)} of R! and Sh_,(M) = Shy(M) = Shs(M). The
product microsupport condition A x —A is given by N*(8 x §).

To compute 2075, ,1a, we note that 1a can be computed as the cofiber

1A = COf(l{x,y<0} D 1{:chy>0} — 1R2>

or alternatively
1A = COf(lRZ — 1{w—y§0} e, 1{m—y20})'

Take the second expression, then we see that
Wi, ala = cof(lp: = Lip<oy>0p © Lzz0y<0)-
Since 1{z<0y>01 = I'{z<0y>0}(1r2), and there is a fiber sequence
F{x,yzo}u{x,ygo} (F) — F — F{x<0,y>0}u{x>07y<0}(F)

for any F' € Sh(IR?), there is an identification 0%, ,1a = 4.i'1g2[1] where we use i to denote
the closed inclusion i : {z,y > 0} U {z,y <0} — R%
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Figure 4.3: The product microsupport condition (in purple).

(//

+
8

‘{{ — D) 2 Wagen {é>
7

Figure 4.4: We indicate the stalks of 207, 1A by green.
We compute that

Da(1g1) = p1, cof (1gz = Lz<oy>0y @ Liz>o0y<0})
= COf(lRl — 1(_0070] D 1[0700)) = 1{0}.
Similarly, let j : R! x (—o0,0) < R? denote the open inclusion and consider the fiber product

-/

{r<0,y<0}c ! R! x (—00,0)
[ [j
{z,y 2 0} U{z,y <0} < ; R?
3
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and compute

Da(L(—o,0)) = P1, Hom(1gix(—oo,0), i 1r2[1])
= P1ojs Hom Izt w (—oo0), J i 1p2[1])
= (P10 §) Hom(Lgt x(—0.0); » 121" LRI x(—o0.0)[1])
= (P10 J)sliz<oy<oy (1] = L(—oo0)[1]-
In sum, the functor Dg shifts 1(_ ) and 1) by [1] and interchange 1g: and 1.

Now we turn to the S' case.

Example 4.4.5. We compute the coevaluation sheaf QU(J{TQ 1a. First recall a similar but
simpler computation QUS“S 110y It can be computed as the colimit colim(m1{_p,))[1] = m1g

where 7 : Rt — S! is the projection.

Figure 4.5:  The first few sheaves of the colimit colim(m1;_,,)) where the green indicates

the support in the universal cover R*.

As one can see form the picture, the local system mlg:[1] has, up to the shift [1], 15”
as its stalks and the monodromy m : 13% — 137 is given by shifting to the right by 1. The
sheaf ng2 1a can be computed similarly and the resulting local system again has, up to

the shift [1], 1?,92 as its stalks. The monodromy induced by the two standard generators of
1 (T?) = 7, (S* x S') is again m for each direction.

Figure 4.6: The first few sheaves of the colimit QU;X s11a. We use green again to indicate
the support and use red to indicate the microsupport at infinity of the sheaf at each step.
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To compute Dy (m1g1), we first consider the fiber product

S1 % R! P R
(id, ) s
St x St D2 St

We thus compute that

Da(mlgi) = p1, Hom(pim g, QBSFTQ 1a)
= p1, Hom((id xm)iLgixrr, Wy ,1a)
= p1,.(id x7).(id XW)*QIISFTQ 1a
= (Sl X Rl — Sl)*(ld Xﬂ')*wa;a 1A = W[lRl[l].
Here we note that the functor (id xm)* has the effect of forgetting the monodromy on the

vertical direction and the projection S' x R! — S! being an homotopic equivalence induces
an equivalence between local systems.

Example 4.4.6. Let M = S' = R'/Z" and A = 051 UT; S where we use Tg .S to denote
the non-positive cotangent fiber at 0. Then the product support condition A x —A is the
projection of the R case we considered above. The coevaluation sheaf 207, 1A can be
computed similarly as the local system case except the (—1, 1)-direction is stopped.

Figure 4.7: The wrapping process for 205, 1. Again, we use purple for the microsupport
condition, green for the support, and red for the microsupport at the infinity.

Thus, the resulting local system has asymmetric slices, or more precisely, the horizontal
slice is given by m1(_0)[1] and the vertical slice is given by m1g o0 [1].
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=R

—
JC! 1(@“’9)[1) K.’ j.co‘ool[l]

Figure 4.8: Horizontal and vertical direction of 207" AxalA.

Unlike the R! case, the wrapped sheaves Shy(S1)¢ is generated by one object 11 (0,00)-
Thus, we compute

D (m1(0,00)) = p1, Hom(psmlo,cc), QHSFTz 1a)
= p1, Hom((id X 7)11 51 (0,00)5 Qﬁgﬂ 1a)
= (S' xR' = "), Hom(1g1x (0,00 (id XW)*QIIJTQ 1a)
= 1 (—o0,0)[1]-

As in the local system case, we pick out the horizontal slice.
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Chapter 5

Verdier duality

Let Sh(M)? := {F € Sh(M)|F, € Vy,x € M} be the category of sheaves with perfect stalks,
and set Shy(M)® := Shy(M) N Sh(M)®. Recall that the Verdier dual

Dy 2 Shy(M)>P — Sh_y(M)°
F i Dy (F) = Hom(F,wyy)

is an equivalence since the double dual F' — Dy, (D (F)) is an isomorphism by [32, Propo-
sition 3.4.3.].

Assume M is compact for this chapter. Then by Corollary 3.4.7, Shy(M)” C Shy(M)¢
by Lemma 3.4.4. The goal of this chapter is to study conditions to extend the Verdier dual
Dy o Shy(M)>P = Sh_,(M)® to the whole Shy(M)°. We will consider a pair (e,7) so that
€ is given by

€ =p, A" Sh_pa(M x M) = V.

The sheaf kernel n € Shyy (M x M), if exists, will be given as the convolution right inverse
of Ui A(w(®)) ® piw;; where @ is a small Reeb pushoff of A displacing it from itself. Here
we following the notation from the previous chapter and denote by w(®) € Sh(M x M)
the restriction K (®)[, of the GKS sheaf quantization at some unspecified small t,. We will
show that assume the existence of 7, this pair provides a duality Shy(M)Y = Sh_, (M),
which restricts to the Verdier duality Dy on Sha(M)°. We also prove that for the case when
A = N*§ where § is a Whitney triangulation of M, the sheaf kernel ¢}, (w(®)) does admit
a convolution inverse and so such 7 exists. Finally, we show that ¢}, ,(w(®)), regarded as
an endofunctor by convolution, has a purely sheaf-theoretic definition without referencing to
symplectic geometry.

5.1 Verdier duality as a categorical dual

We begin by recalling a classical identification.

Proposition 5.1.1 ([32, Proposition 3.4.4]). Let F, G € Sh(M). If G € Sh(M)® is con-
structible, then
DGR F = Hom(pG, pyF).
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This implies that if the Verdier duality were to come from a duality on Shy(M )¢ given
by a pair of unit/counit (7, €), then the unit ¢ must by of the form

€:Sh_pup(M x M) —V
Hw— p,A'H.

For if F € Shy(M), G € Sh_x(M)®b, we have

pA(GREF) = p, A(Dy(Dy(G)) R F)
= p. A Hom(p}(Du(G)), py F) = p. Hom((Dar(G)), F) = Hom(Dy(G), F).

Now take a small Reeb flow ® : S*M x I — S*M so that ¢,(A) N A = @ for I\ {0}
by Lemma 6.2.8. Equivalently, ® is the homogeneous Hamiltonian isotopy associated to
H(z,€) = \/g:(£,€) on T*M for some Riemannian metric g on M. Write w(®) = K (®)],
to be some the restriction of the GKS sheaf quantization at some unspecified positive time
to. The main theorem of this section is the following:

Theorem 5.1.2. Assume v}, _,(w(P)) admits a left inverse. Then the proposed (e,n) in the
beginning of the chapter exhibits Sh_,(M)Y = Shy(M) in Prl. PFurthermore, the induced
equivalence Sh_ (M) = Sh(M)¢ restricts to the Verdier duality on Shy(M)® C Shy(M)©.

The proof of this theorem follows the same logic as its counterpart in Section 3.6. That is,
we first identify the tensored functor id ®e and then check the triangle equality (id ®¢)(n ®
id) = id. However, the situation is more complicated here since the definition of € involves
I-pullback, which is only a right adjoint in general and usually doesn’t play well with X
product. The upshot of this section is that when restricting to sheaves with a fixed singular
isotropic microsupport, we can trade the !-pullbacks with left adjoints by the perturbation
trick Proposition 4.2.8 we developed earlier.

Lemma 5.1.3. The functor € := p, A" : Sh_paxpa(M x M) — V is colimit preserving and thus
a well-defined morphism in Pr,.

Proof. We define the product isotopy ¢ X ¢ to be the isotopy on T*(M x M) whose Hamil-
tonian is given by (H x H)(x,y,&,n) = \/H(z,£)? + H(y,n)? Recall that we use H#*¢ to
denote an unspecified positive pushforward by ¢ x ¢. Then the perturbation trick (Proposi-
tion 4.2.8) implies that p,A'H = Hom(1a, H) = Hom(1a, H?*¢) = p,A'"H**?. Then (4) of
Proposition 3.2.11 implies that the last term is the same as p.A* ((w(p x @) o H) ® w}}'),
which is colimit-preserving on H. O]

For the rest of the chapter, we will use ¢;, ;;, i < j, to denote projections from M? to
the corresponding components and p; for projections from M?2.

Lemma 5.1.4. Under the identification
Sh_AXA(M X M) & Sh_A(M) = Sh—AxAx—A(M x M x M),
the functor

e®id : Sh_AXA(M X M) X Sh_A(M) - V® Sh_A(M) = Sh_A(M)
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15 identified as the functor
P2 (A x id)' : Sh_pxax_a(M x M x M) — Sh_,(M).

Proof. Note that this lemma is a variant of Lemma 3.6.1. For this lemma, we will apply
a slightly generalized version of the perturbation trick in Proposition 4.2.8. That is, in
addition to applying Proposition 4.2.8 to obtain Hom(1a, H) = Hom(w(®~), H), for H €
Sh_axa(M x M), by wrapping back along the continuation map w(®~) — 1a, we note
that it induces an isomorphism gz, (Hom (¢i51a, H X F)) = g3, (Hom (¢{,w(P), H X F)),
for F' € Sh—A(M). We remark that the proof is essentially the same since the extra M-
component is trivial.

This way, we trade (e®id)(H, F') == (p* Hom(1a, H)) ® F with (p* Hom(w(®™), H))® F.
We can then do a similar computation as in Lemma 3.6.1 that

(p* Hom(w(®7),H)) @ F = (pT(M x M;Hom (w(®"),H) ®) F
= (g3.¢5, Hom (w(®7), H) ®) F.
Now the key reason for us to use the perturbation trick is that w(®~) avoids —A x A and we

can apply (7) of Proposition 3.2.11 since w(®~) has perfects stalks by Example 4.2.5. That
is, we trade Hom (w(®~), H) with Hom (w(P~), 1y/xp) ® H and compute that

(q3*qf2 Hom (w(CI)_), H) ®) F=qs, (fHom (qﬁw(@‘), quH) ® q;F)
= q3, (fHom (qﬁw(@‘), HX F))
< g3, (Hom (gfy1a, HR F))
— poa(B x id) (H R F)

by perturbing w(®~) back to 1a. O

Proof of Theorem 5.1.2. Again, this proof is a variant of the proof of Proposition . We have
|

to show that with the assumption on 7, (id ®¢)(n®id) = id, or equivalently, p;,(id xA) (nX
F) = F for F € Sh_,(M) by the last lemma. Again we use a slight generalized version of
the Perturbation trick from Proposition 4.2.8 to trade 1o with w(®~) whose microsupport
avoids —A x A x —A. This way, we can do a computation similar to the one for the lemma
above and see that

po, (A x id) (F K n) = g3, (A x id), Hom (Larxar, (A x id)'(F K 7))
= g3, Hom (Lasar, (A x id)'(F K p))
— s, Fom (giyw (7)., F K
= gs. (Hom (gj,w(®7), 1ys) ® (F K n)))
= g3, (g} Hom (w(®7), Lirxar) ® @33 ® i F)))

Our goal now is to organize the pull/push functors associated to the projections, by (1)
and (2) of Proposition 3.1.8, into the form of convolutions. This process is a special case of
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the proof for Proposition 3.5.3.

g3, (a7 FHom (w(P7), Larxar) © 33 © g F)))

= pau @iz, ([a12 Fom (w(®7), Larear) ® go3m] @ qispi F)
= Da, (Q13*[QT2 Hom (w(q)_), 1M><M) ® @337 ®piF)

= pa,(n oy Hom (w(P7), Lyxm)] ® piF)

= (7] On ﬂ{om(w(fb_), ]-MXM)) ofF.

Now we note that by Example 4.2.5, w(®) = Hom(w(P~), pjwar). We recall also that,
for any L € Loc(M) and G € Sh(M), L ® G = p;L o G. Thus by Lemma 3.2.15, the desired
sheaf kernel 7 exists if 1}, (w(®)) has a convolution right inverse of in view of Theorem
1.0.3 which identifies sheaf kernel with colimit-preserving endofunctors Shyy (M x M) =

End”(Sh_,(M)).
O

5.2 Wrap-once functor

Recall that we construct a sheaf kernel ¢}, _,(w(®)) € Shax_a(M) where ® : S*M x [ —
S*M is a small Reeb flow such that ¢;(A) N A = @ for tinI. To simplify the notation, we
consider its counterpart acting on Shy (M), and recall that t* ., (¢)oF = 1} (F?) = 20 (F?)
by Lemma 3.5.7 and theorem 1.0.4 . Geometrically, we wrap F' forward away from A and
then wrap it all the way to back to A positively.

Definition 5.2.1. With the setting above, we use S to denote the functor

SA : ShA(M) — ShA(M)
Fi— i (w(®)o F)

and call it the wrap-once (positively) functor. When A = N*8 for some Whitney triangulation
8, we abuse the notation and write it simply as Sy .

We remark that the definition of Sy} does not require of the compactness assumption of
M. We will show in the next section that the functor S} does not depend on the choice of
the small Reeb pushforward .

Example 5.2.2. Consider the case when M = R' and A = Ogt U (UnezT); [R'). The
corresponding case over S' is a on of projection of this picture. In this case, the functor St
and its inverse is given by, up to a shift by [1], the constant sheaves supported in the shaded
areas below:

00)
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A simple computation shows that convoluting by the first sheaf kernel sends 1, to
L(n—1,00) for n € Z. Similarly, the second sheaf kernel sends 1, o) t0 1(n41,00) for n € Z.

Remark 5.2.3. A parallel construction in the Fukaya setting is considered by Sylvan in [52]
where the invertibility of the wrap-once functor and a monodromy functor is proven under
a swappability assumption.

The main theorem of this section is that Sg is invertible.

Theorem 5.2.4. Assume M is compact. The functor S§ : Shs(M) — Shs(M) is an equiv-
alence.

We will mainly use the convolution expression of ¢_sx(w(®))* o F for Sg (F). The main
strategy is to use general machinery of microlocal theory to write down an explicit formula
of its inverse.

Lemma 5.2.5. The right adjoint of the wrap-once functor Sg : Shg(M) — Shg(M), which
we will denote it by Sy , is given by a convolution

Ss (F) = Hom (Lgxs(lA),pfw) oF
and s, in particular, colimit preserving.

Proof. By definition, the functor Sg is classify by Hom(Ss (G), F') = Hom(G, Ss (F)) for all
F,G € Shy(M). And moving everything except ¢§, s(w(®)) to the right hand side, we see
that

Hom(S¢ (G), F) = Hom (15,5w(®), Hom(piG, py F')) = Hom (w(®), Hom(pi G, pF)) .

The virtual of w(®) over ¢f, qw(P) is that its microsupport avoids 0 x N*§ and we can
apply (7) of Proposition 3.2.11 to trade Hom(w(®), pyF) with Hom(w(®), 1yrxn) @ pyF
and compute that
Hom (w(®), Hom(p;G, pyF)) = Hom (p;G, Hom(w(®), pyF))
= Hom (p;G, Hom(w(P), lMxM) ® pyF)
= Hom (pG, Hom(w(®), py1ar) @ ps F)
= Hom (G, w(®7) o F).

Here we use the fact that Hom(w(®), py1y,) = w(®~) and the fact that w(®P) is symmetric
with respect the two components of M x M to obtain the last equality. Since w(®~) o F
is not in Shg(M), we use the tautological identity G = (1§,51a) o G to further change the
expression to

Hom(G,w(®™) o F) = Hom(tg,51a 0 G,w(P™) o F)
= Hom (p}G, Hom(t§,gla, py(w(®~) o F)).
Now the main reason to consider the case of triangulation 8 is that the object (¢§,41a),

which is a compact object in Shgys(M x M) has perfect stalks by Proposition 3.3.3. Thus
for a similar reason as above, we can apply (7) of Proposition 3.2.11 again and conclude that
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Hom (p{G, fHom(LgxslA,pé(w(@_) o F)) = Hom (p*{G, f}fom(ngslA,p;lM) ® py(w(P7) o F))
= Hom (G, Hom(i§,51a, piwnr) o (w(P7) o F))

Thus Sy (F) = Hom(i§, s1a, pjwa) o (w(P~) o F). However, by Lemma 3.5.7,

Hom (15, s1a, prwnr) o (w(®7) o F = Hom(s5,51a, piwar) © (thusw(®7)) o F
= Hom(tg, g1a, pjwar) o F

since ¢, s = W4 s by Theorem 1.0.4 and we can wrap w(®~) tautologically forward to 1a.
O

Proof of Theorem. 5.2.4 The adjunction tf,g(w(®)) o (=) - Hom (13,5(1a), pjwn) o (=)
implies that there is a canonical map

Hom ((LgxslA),p’{wM) o (Lgxsw(q)) o (F)) — F,

and we show that this is an equivalence by a similar computation as the last lemma in a
revered order. First, one notice that the second i§, sw(®) is redundant since we can apply
Lemma 3.5.7 and (7) of Proposition 3.2.11 again and compute that

Fom(t5.s(1a), Piwnr) o (t5s(w(®)) o F)
= Hom(t5.s(1a), Piwnr) o (w(P) o F)
— Fom®(135(1a), w(®) 0 F) = (w(®) o F).
Note for the last equality, we use the right adjoint version of the equality i, s(1a) o (G) =
13(G) for G € Sh(M). Now we note that t(w(®) o F) = Wy (w(®P) o F) = F by wrapping
w(®P) backward to 1a tautologically.
We also have to show that the canonical map,

G — LEXS(w((D)) © (U'Com (LEXS(lA)7pTWM) © G)

is also an equivalence.
Take H € Shg(M) and we compute that with similar techniques as above that

Hom(z5,5(w(®)) o (Fom (t5,5(1a), piwnr) © G), H)
= Hom(w(®) o (Hom (t§,s(1a), pjwn) 0 G), H)
= Hom(Hom (15,5(1a). piwsr) 0 G, w(y™) o H)
= Hom (p;G, Hom(Hom (15,s(1a), piwnr) , py(w(e™) o H))
= Hom (pjG, Hom(Hom (1§,5(1a), Piwrr) , Piwnr) @ py(w(ep™) o H)).
Now we note that, since ¢§, s(1a) has perfect stalks, the canonical map for the double dual

LEXS(IA) — ﬂ-fom(ﬂ-fom <L§><S<1A)7PTWM) ,pTWM)
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is an isomorphism. Thus we have

Hom (5,5 (w(®)) o (FHom (15,5(1a), Piws) © G), H) = Hom (piG, t5,5(1a) ® p(w(e™) o H))
= Hom (G, t5,5(1a) o (w(¢~) o H)) = Hom (G, t5(w(¢ ™) o H)) = Hom(G, H),

which implies G = ¢}, s(w(®)) o (Hom (t§,s(1a), Piwnr) o G.

5.3 Wrap-once as dual cotwist

For this section, we do not need the assumption of M being compact. It is proven in [52],
that the Fukaya counterpart of the wrap-once functor Sy is the dual cotwist of a certain
spherical functor in the sense of [3]. We will consider a much simpler statement in our
setting.

Recall that the st-valued sheaf Shy on M can be microlocalized to T*M in the sense
that there is a conic sheaf ush, on T*M such that ush, |o,, and, for each conic open subset
) C T*M, the category ush, () is a compactly generated stable category, and for each
inclusion of conic opens 2 C Q') the restriction map ush,(Q') — ush,(Q) preserves both
limits and colimits. A more detailed discussion of ush,, the sheaf of microsheaves, can be
found in [41, Chapter 3.

Denote by ¢* : Shy(M) = push, (T*M) : ¢ the restriction associated to ush, from T*M
to 7* M and its left adjoint. Note that ush, (M) = Shp (M) since ush, |o,, and psh, is conic.

|0M

Definition 5.3.1. We denote by S} : Shy (M) — Shy (M), the dual cotwist associated to
¢* which by definition is defined by the fiber sequence,

qq" — idsn, () — Sy°

where the map qi¢* — idgy, (ar) is the counit of the ¢ - ¢* adjunction.

Proposition 5.3.2. There is an identification Sy = ST : Shy(M) — Shx(M). In particu-
lar, the definition of S} does not depend on the choice of the small Reeb push ®.

What we need for ush, is its local description from [41, 3.4]: For any (z,£) € A, we may
chose a small open ball Q C S*M containing A such that psh, () fits in a fiber sequence,

K(B,Q) = Shy(B,Q) — push, (),

where B = m,,(£2), Shy(B, Q) consists of sheaves F' on B such that SS™(F)NQ C A, and
K(B, () is its subcategory so that SS™(F)NQ = @.

Lemma 5.3.3. The composition qq¢*F — F = S{(F) is zero where ¢ : F — S{(F) is the
continuation map obtained from the expression Sy (F) = 2L (F¥). As a result, there is a
canonical map Sy° — Sy
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Proof. Recall that for an adjunction s : A = B : [, there is an equivalence

Hom(lx,y) = Hom(z, sy)
a— s(a)on
where 1 : © — sla is the unit. In our case, the object x is ¢* F' and the unit n : ¢*F = ¢*qq*F
is an equivalence so the composition being zero is the same as the morphism ¢*c being zero
in psh, (T*M). Now psh, being a sheaf of categories means morphisms associated to these
categories form sheaves, and it is enough to show that, for all (z,£) € R.oA, there exists
Q > (z,€) such that g*c restricts to zero on 2. Since ¢ displace A from itself, shrink  if

needed, we may assume that p(SS™(F))NQ = @. But then ¢ : F — Sy (F) factors through
F — F% — S{(F) with the object in the middle being 0. O

In order to prove Proposition 5.3.2, we recall some implication of Shy being a sheaf: Let
{U,}ier be an open cover of M. Then the statement Sh(M) = lim; Sh(U;) implies that, for
F € Sh(M), the counit

cogim Fy, = F

is an equivalence. This description is inherited by Shy, i.e., for an open set j : U C M, the
left adjoint of j* : Shy (M) — Shy, (U) is given by

Shy, (U) — Sh(M)
G — W (aG)

where we use j : U C M to denote the inclusion, and the counit, now with the wrapping,
colim Wi (joFy,) — F
is an equivalence for F' € Shy(M). In fact, this follows from the simple fact that 20} is
colimit-preserving so that
colim Wi (jiFy,) = Qﬂf\(col[im JaFu,)
=W F < F.
We would like to utilize this last computation to prove the main proposition.

Proof of Proposition 5.3.2. Take an open cover {€;} of A such that each R.(€; is a small
cone so that ush,(€;) fits in a fiber sequence

K(B;,Q;) < Shy(B;, ;) — ushy (€;)

where B; = m.(€;). We denote by I its index set. We notice that {B;}; U {M \ meo(A)}
forms an open cover of M, which we will simply denote it by {U;};c;. By Theorem 1.0.4,
the left adjoint of the inclusion K(B;,€);) < Shy(B;, ;) can be described by

G — co}gizm(Gw) = W (G)
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where w : {2; means positive wrappings compactly supported in £2;. Denote by

q; : Sha(B;, Q) = ush () : g
the adjunction over ;. Fix an F € Shy (M), for and i € I, there exists a fiber sequence
i (Fls,).

Denote by r; : €; < S*M the inclusion and r} : ush,(A) = psh,(€;) @ 7 the induced
adjunction on microsheaves. The fact that ush, is a sheaf implies that we can glue ¢* F' from
rar;q* F' and the canonical map

Qz‘lq;'k

¢ F < colim ryriq"F
i

is an isomorphism. We recall that we have the following commutative diagram of categories
induced by inclusions of opens.

-k

Ji
‘q* lq;*
: r;
pshy (T M ) ——— ush, (€2;)
Thus ryriq¢*F = ryq F|p,. A similar diagram for the left adjoints implies that
qq"F = qcolim ryriq"F
I
= colim qr;yr;q" F
i
= colim 207} ji1qiq; F| 5,
i
Since F' = Collim 01 ji F|p,, we get that

ST = cohm 037 5,20 (F

B;)-

Note that we use the fact that the colimit for ¢i¢*F' can be trivially extended to be taken
over I. To get rid of the 20 term, we further assume that supp(p;) N S*B; C €; for all
i € I. This assumption ensures that ¢, restricts to S*B; and (F|p,)? = F¥|g,, for i € I.
Now, the key observation is that, since ; has pushed SS(F') away from A and €; has the
form of a product of small balls,

W (Fl,) = W) (Flp,) =W\ A)"(F?
To see what 207 7;20(; \ A)T(F¥

compute that
Hom (203 ji20(2 \ A) " (F?[p,), G) = Hom(W(Q; \ A) " (F?[5,), Gl5,)
= Hom(F*|p,, (2 \ A)~G|p,) = Hom(F?|p,, G|p,) = Hom (WY ((F¥)p,),G) .

Bi)'
B,) =W\ ((F?)p,) € Sha(M), we take G € Shy(M) and
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Finally, we patch everything back and get

STF) = colim Wi ((F)p,) = QUXcollim(F“")Bi = Wi F? = S{(F).
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Chapter 6

The category of wrapped sheaves

In this section, we make our main construction of this dissertation and mimic the definition
of W(T*M, A), the (partially) wrapped Fukaya category associated to the pair (7*M,A),
and define the category of wrapped sheaves toshy (M) using the techniques developed in the
Chapter 4. We note that although this and the next chapter is logically independent from
20, 19], many of the proofs are adaptations from the wrapped Fukaya setting to the wrapped
sheaves setting.

6.1 Definition

Let M be a real analytic manifold and A C S*M be a closed subset. Let t;gBA(M) be the
small subcategory of Sh(M) generated under finite colimits and retracts by sheaves of the
form F*(®) where F is a sheaf with compact support such that SS®(F) is a subanalytic
singular isotropic and SS™(F) N A = @, and ® is a contact isotopy compactly supported
away from A. To encode the effect of wrappings, we take

CA(M) = (cof(c(V, F))|¥ € Mor(W(S*M \ A)), F € I/JSEA(M»
to be the subcategory of t;\S—}/lA<M ) generated by the cofibers of the continuation maps.

Definition 6.1.1. We define the category of wrapped sheaves associated to (M, A) to be the
quotient category

tosha (M) := tosha (M)/Ca (M)
= cof (GA(M) - ESBA(M))

where the cof is taken in st.

Remark 6.1.2. Localization identifies sheaves which are isotopic to each other: Let F 5
F* — cof(c) be a fiber sequence in tshy (M) induced by a continuation map. Since a
quotient map is exact and cof(c) = 0 in tosh, (M), the fiber sequence becomes F = F* — 0
and hence ¢ : FF — F" is an isomorphism in tosh, (M). Now let ® be any isotopy compactly
supported away from A. By Proposition 4.3.6, ® can be modified to be positive by a further
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wrapping. That is, there exists U :id — & and V' : & — & in W (S*M \ A) and thus there

c(¥,F c(¥' F / .
are continuation maps F (——)—> F® and F M F® . As a result, the two objects F' and

F? are isomorphic in rshy (M).

To simplify the notation, we will use Hom,, to denote the Hom spaces of the localized
category when the context is clear. As the localization is essentially surjective, we usually
implicitly assume a preimage F' € wshy (M) for objects in toshy(M). By Proposition 2.4.2,
there are identifications

Hom,,(X,Y) = colim Hom(X,Y") = colim Hom(X',Y)
Y=Y’ x Py x

where o and § run through morphisms whose cofibers cof(«), cof(5) are in Cx(M). We will
show that it is enough to take the colimit over W (S*M \ A) in our case, which is the same
colimit over all continuation maps ¢ : F' — F" by cofinality. We begin with the case of
Homing out of objects in €(M) and in this case Hom,, vanishes.

Lemma 6.1.3. Let G € Cy(M) and F € t/;STlA(M), we have

colim Hom(G, F*) = 0 = Hom,, (G, F)
cF—Fw

where F' < F runs through all continuation maps.

Proof. We first consider the case when G € C,(M) is built from iterated cones and shifts
of cof(c) for some continuation map c. For such a G, we may assume G fits into a cofiber
sequence H % HY(®) — G by induction. Apply Hom(—, F*(®)) and we obtain the cofiber
sequence

Hom(G, F**")) — Hom(H*®, F*(®)) — Hom(H, F*®")).

Then one compute

Hom(H*®, F*(®)) = Hom(w(®) o H, w(®') o F)
= Hom(H, w(® ") ow(®') o F)
= Hom(H,w(® ' o ®)o F).

Take colim over isotopies @’ of the form ® o ¥, which is cofinal, and we obtain the fiber
sequenceF_}F

colim Hom(G, F*") — colim Hom(H, F*") = colim Hom(H, F*").

F—Fw' F—Fw' F—Fw'

This implies that colim Hom(G, F*") = 0.
F—Fw!
Now let G’ be a retract of the same G as above. Taking %olilgn Hom(—, F'*) makes
_> w

colim Hom(G’, F*) a retract of colim Hom(G, F*') = 0. Since the only retract of a zero
F—Fw F—Fv

object is a zero object, we conclude that %oli}gn Hom(G', F*) = 0. ]
% w
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Proposition 6.1.4. For F,G € @A(M), we have

Hom,, (G, F) = colim Hom(G, F'")
F—rw

where F 5 F™ runs through all continuation maps.

Proof. Consider any morphism « : G' — G such that fib(a) € €5 (M) which we will denote

it as G’ %5 G when the exact morphism « is not relevant. Now take a continuation map
¢: F — F" and apply Hom(—, F'*) to the fiber sequence fib(ar) - G’ — G, we obtain the
fiber sequence

Hom(G, F*) — Hom(G', F) — Hom(fib(«), F).

Now recall that Hom,, can be computed by either varying the first or the second factor. As
a result, we can first take colimit over such a : G’ — G and we obtain the fiber sequence

Hom(G, F*) — Hom,, (G, F*) — colim Hom(fib(ar), ).

G'—G

Then we take colimit over F' — F* and get

colim Hom(G, F'*) — colim Hom,, (G, F*) — colim colim Hom(fib(«), F).
F—Fw F—Fw FéFU}G’%G

Since colimits commute with each other, the above Lemma 6.1.3 implies

colim colim Hom(fib(a), G’) = colim colim Hom(fib(a),G") = 0
UREEALNE Ly T

or, equivalently

colim Hom(G, F*) = colim Hom,, (G, F) = Hom,,(G, F).
FFu FFu

Here we use that fact that F* — F™ is an isomorphism in tosh (M). O

We note that the above construction is covariant on the open sets of M. For an open
set U C M, we set Aly = AN S*U. We abuse the notation and use Y/U\S-BA(U) to denote the
category l%\STIMU(U). When there is an inclusion of open sets U C V, objects in toshy (U) can
be naturally regarded as objects in t/'TSBA(V> since we require them to have compact support

in U. We define C5(U) similarly and note that C5(U) C &?s?lA(U) N Ca(V). Thus there is a
canonical map toshy (U) — toshy (V).

Definition 6.1.5. The above construction defines a covariant functor rosh, : Op,, — st,
i.e., a precosheaf with coefficient in idempotent complete small stable categories. We refer
it as the precosheaf of wrapped sheaves associated to A.

Note also that this construction is contravariant on the closed set A. That is, if A C A’
is an inclusion of closed subset of S*M, there is a canonical map rshy/(U) — wshy (U) for
U C M by a similar consideration. In other words, there is a morphism toshy, — toshy
between precosheaves.
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Remark/Conjecture 6.1.6. Consider the case when A is a subanalytic singular isotropic.
Inspired by homological mirror symmetry, Nadler defines in [41] a conic cosheaf pshy :
Opyg«jp; — st through a purely categorical construction and term it as the cosheaf of wrapped
microlocal sheaves. This cosheaf can be obtained from and determines the sheaf ush,, which
we used in Section 5.3, by passing to compact objects. One main property of ushy is that its
restriction to the zero section, the ‘wrapped sheaves’, is the cosheaf Shj discussed in Propo-
sition 3.4.8. We will reserve the term ‘wrapped sheaves’ for the geometrically constructed
category tosh, through this paper. Corollary 1.0.7 of the main theorem asserts that these
two cosheaves are the same after all. As a result, we expect to extend the construction tosh
to the cotangent bundle as well.

6.2 Generation

We find a set of generators of wshy (M) when A is a singular isotropic. We first prove a
special case of the Kiinneth formula which we will refer it as the stabilization lemma. The
corresponding lemma in the Fukaya setting can be found in [19, (1.7), (1.8)]. Fix n € R™.
Let M be a real analytic manifold and A C S*M be a closed subset. We set

ASt = ((R>0A U 0M> X ORn)OO - S*(M X Rn)
Pick a small ball B C R" centered at 0. For F' € Sh(M), by (6) of Proposition 3.2.11,

there is microsupport estimation

SS(FR 1) C SS(F) x N

out

(B).
As a result, exterior tensoring with 15 induces a functor
— R 1p : toshy (M) — oshyer (M x R™).

We claim that this functor induces a fully faithful functor on the quotient. We first recall a
lemma.

Lemma 6.2.1. Let C, D be stable categories, S and T be sets of morphisms in € and D
which are closed under composition and contain identities. Set Cy = (cof(s)|s € S) and
Dy = {cof(t)|[t € T). Let F : € — D be a functor such that for all Xo = X; € S, there
exists F(X1) = Y € T such that toF(s) € T. Then Fle, factors through Dy and F descends
to a functor F : (C/Cqy) — (D/Dy) filling the commutative square with the quotient functors:

(30 ¢ > (3/60
Feol F Fl
Dy ¢ > D D/Dy

Proof. Let Xy = X, and F (X)) 5 Y € T be as above. By the Lemma 2.2.11, there exists
a fiber sequence F'(cof(s)) — cof(t o F(s)) — cof(t). O
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Proposition 6.2.2 (The stabilization lemma). The functor — X 15 defined above descends
to a fully faithful functor on the quotient

mShA(M) — toshpst (M X Rn)

which we will refer it as the stabilization functor.

Proof. Let ® : T*M x I — T*M be a positive homogenous symplectic isotopy and H =
a(P.0;) be its corresponding Hamiltonian. We note that since H is not defined on the
entire T* M, it is not always possible to extend it to T*(M x R™) by setting the dependence
on the second component to be constant. Nevertheless, H? is defined on T*M since it is
homogeneous of degree 1. Pick a bump function p on S*(M x R"™) such that (supp(H) X
T*B)> C Int(supp(p)) so that H?+ p|£|? > 0 when H > 0. Here we use the same notation p
to denote its pullback on T*M. Then set H := /H? + p|¢|? and we denote its corresponding
homogeneous isotopy on 7*(M x R"™) by .
The above construction implies that

SS ((K(qu) X, 1a,. 1) O K(é)) C SS(K(®") By 1aguxr) o1 SS(K()) € {7 < 0}

since H(z,€&) < H(x,&,t,7). Thus there is a continuation map
LAygn = (w(q)_l) X 1A1Rn) © w(&))

or equivalently )
w(P) X 1a,, — w(P)

which precomposes with 14, .. — w(®)X; 1ag, to 1a,,,.m — w(®). Thus, the last lemma
implies that the functor
mShA(M) — mShAst(M X Rn)

is well-defined.

A similar argument implies that for any positive isotopy ¥ on T*(M X R”) with Hamil-
tonian H, there exists H on T*M and p on T*R" such that H < \/H? + p2. Thus wrap-
pings coming from the product is cofinal. Since B is contractible, there is an isomorphism
Hom(F K 1z,G X 15) = Hom(F,G) for any larger ball B in R”. This implies

Hotyeh,, (i) (G B 1, F R 1) = colim  Hom (G K1p, (FX 13)5))

SEW (S* (M xR™)\Ast)

= colim Hom(GIElB,Fq)@IB)
FeW (5*(MxRM)\Ast)

= colim Hom (G Fq))
BEW (S* M\A)
= HommshA(M) (G, F)

Thus, the stabilization functor toshp (M) < toshps: (M x R") is fully faithfull. O
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Now we show that the category toshy (M) is generated by one object. More precisely, we
say an open set B C M is a ball if B is relative compact, contractible and B is a closed disk.
Now let B be a ball such that there exists an open chart U containing B. Since all such balls
are smoothly isotopic to each other inside M, lifting such isotopies implies that the object
1, where B is a such ball, is independent of the choice of the exact ball. In order to show
that 15 is a generator, we need a class of auxiliary objects.

Definition 6.2.3. We say that an open set B C M is a stable ball if it is relative compact,
contractible, and B has a smooth boundary in M.

One can check that a stable ball is a ball up to a stabilization by the famous corollary of
the cobordism theorem. The following statements are Theorem 5.12 and Corollary 5.13 in
[21].

Theorem 6.2.4. A stable ball of dimension > 6 with simply connected boundary is a ball.

Corollary 6.2.5. Let M be a stable ball. Then B x I* is a ball provided dim B +k > 6 and
kE>1.

Proof. This is implied by a combination of the van Kampen Theorem and the Poincare
duality for manifolds with boundary

HYN=K(N ON) = Hy(N).
0

Lemma 6.2.6. Assume M is connected. The category voshy (M) is generated under finite
colimits and retractions by 1g for any small ball B.

Proof. Let F € wshy(M) be an object. By Remark 6.1.2, we may assume F is a sheaf with
compact support, subanalytic isotropic microsupport, and perfect stalks. By Proposition
3.4.5, there is a Whitney triangulation T such that F is T-constructible. Since Shy: 5(M)¢ =
Perf T is generated under finite colimits and retractions by g for ¢ € T, we may assume
F = lgar@). We claimed that the object 1) is isomorphic to 1p for some small ball
B C star(t). Note the open set star(t) is relatively compact and contractible, however,
star(r) might not be a manifold with boundary and modification needs to be made.

Apply the inward cornering construction in Definition 3.3.9 to U = star(¢), we obtain
a family of star(t)~¢ depending smoothly on e. When ¢ is small, the object Lstar(r)—c 1IN
tosh (M) is independent of € so we abuse the notation and simply denote it by lgar@)-. As
there is no stop restriction, the canonical map lgar@)- — lstarr) becomes an isomorphism

in twshy (M) through the positive wrapping obtained by taking e — 0. The closure star(t)-
is a manifold with corners when € is small, i.e., the boundary star(¢)~ can be modified by
the boundary of the inclusion [0,00)% x R"* C R" for some k > 1. By Example 3.2.5,
SS*(1(0,00)k xrr—*) is smooth and 1y «)kxrn—+ can be wrapped to some 1y; where Vs = {z €
R"|d(z, [0,00)F x R*"*) < §} by the Reeb flow. One can see from the local model that the
boundary of V; is smooth for small 6. Thus, we may further replace lyar4)- by some 1y such
that U is relative compact, contractible and has smooth boundary, i.e., a stable ball.
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Finally pick a ball B C U and consider the canonical morphism 15 — 1 induced by the
inclusion. Apply the stabilization lemma for n large and we see from the last corollary that
we may assume U to be a ball as well. In this case, the canonical map 1z — 1y coincide with
the continuation map obtained by the standard Reeb flow and is an isomorphism. Thus, the
original map is an isomorphism in tshy(7*M) and we see that 15 generates. O

We assume for the rest of this section that A is a singular isotropic. To study generation
for the general case, we need the following lemma to perform general position argument.

Definition 6.2.7 ([19, Definition 1.6]). Let Y**~! be a contact manifold. We say a set f is
mostly Legendrian if there is a decomposition f = §¥%<"it Uit C'Y for which f“>" is closed
and is contained in the smooth image of a second countable manifold of dimension < n — 1,
and % is a Legendrian submanifold.

We note that a closed singular isotropic A is in particular mostly Legendrian.

Lemma 6.2.8 ([19, Lemma 2.2 and Lemma 2.3]). Let Y?"~! be a contact manifold and § be
mostly Legendrian.

1. Let A CY be a compact Lagrangian. Then A admits cofinal wrappings A ~ A* with
A" disjoint from f.

2. Let Ay, Ay CY be compact Legendrians disjoint from §f. Consider the space of positive
Legendrian isotopies Ay ~ Ay. Then the subspace of isotopies which

2.1. remains disjoint from §** and

2.2. intersect " only finitely many times, each time passing transversally at a single
point,

18 open and dense.

For inclusion of singular isotropics A C A’ C S*M, general position argument implies
that the induced map tosha/ (M) — roshp (M) is always essentially surjective. In order to
study the fiber of this map, we consider the following objects:

Let A be a subanalytic singular isotropic and let (z,§) € R-oA be a smooth point.
Consider a proper analytic A-Morse function f : M — R. We assume there exists € > 0
such that z is the only A-critical point over f~!([—¢,€]) with critical value 0, df, = &
and f~'(—o0,€) is relatively compact. By our assumption, both 1;-1(_ +¢) are objects of
toshy (M).

Definition 6.2.9. A sheaf-theoretical linking disk at (x, ) (with respect to A) is an object
D¢ of the form
COf(lf—1(_oo7_€) — 1f—1(_0075)) € mShA(M)

where the arrow is induced by the inclusion of opens f~!(—o0, —¢) C f~1(—00, €) given by a
function f with the above properties. Note that by scaling f with » € Ry, we see that the
object D(;¢) depends only on (x,)’s image in S*M. Thus, we also use the same notation
D(Lé) for (ZE,f) e S*M.
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Remark 6.2.10. Since df # 0 over f~!([—¢, ¢€]), the fibers f~1(¢) for ¢ € [—¢, €] are smooth
submanifolds. Thus, the canonical map 1-1(_,—¢) = 15-1(_oo,) is also given by the contin-
uation map of the wrapping {NZ, ,,,f (=00, 1) }sc[—c,q Which passes through A transversely
exactly once at (z,[¢]). Extend this wrapping to a global one W. Since there is no other
intersection with A, we can decompose ¥ to W, #W,# V¥ _ so that ¥, do not intersect A and
U, only moves points near (z,§). This way, we can see D, ¢) can be presented as a cofiber
induced by an expanding open half-plane.

_\\"\\TI\""\\"\K "\"i\\' NN

Thus, D, ¢) can also be presented as a cofiber induced by inclusions of small balls.

//\/\ \F"\ i\\

Proposition 6.2.11. Let A C A’ be subanalytic singular isotropics and let DX’,7A(M) denote
the fiber of the canonical map voshy (M) — tosha(M). Then DY, (M) is generated by the
sheaf-theoretical linking disk D, ¢ for smooth Legendrian points (x,&) € A"\ A.

Proof. Let I € wshy(M). We assume that SS™(F') is a subanalytic isotropic and pick a
Whitney triangulation T such that SS™(F) C NZT. Fixed a particular way to construct
F out of sheaves of the form M., for some M € V, by taking finite steps of cofibers
and use {F}}icay to denote those Mgarry)’s which show up in these steps. Note that it is
possible that their microsupport SS™(F;) intersect A. However, we see from the proof of
Lemma 6.2.6, the microsupport SS*(F;) of these F;’s are smooth Legendrians in S*M. Thus,
we can apply Lemma 6.2.8 and assume SS*™(F;) N A’ = & for i € A. By the microsupport
triangular inequality (1) of Proposition 3.2.11, the sheaves appear in the the cofiber sequences
which build F from these F;’s do not intersect A’ as well. In particular, SS*(F)NA = 2.
Similarly, an application of Lemma 6.2.8 implies that we can assume the existence of a cofinal
wrapping sequence F' — F*' — F*2 — ... guch that SS™(F"“»)N A’ = @. This implies that
the canonical map

wshy (M) (GA(M) N ESEA,(M)> — roshy (M) = roshy (M) /€, (M)

is an equivalence. Thus, we can apply Lemma 2.4.4 to the diagram
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(:’A/('M) ¢ > toshy (M) tosha (M)
GA(M) N Y;TS}/IA/(M) c / > t;?STlA/(M) d l‘OShA(M)

which implies that DY, , (M) = (GA(M) N @W(M)) /@ (M). Now €y (M) is the category
generated by the cofibers cof(c¢(V, F')) of continuation maps whose wrapping ;(SS*(F"))
avoids A, and Cy(M) N tggflA/(M ) is generated by a similar construction except we now
only requires the end points to avoid A. The claim is that the quotient is generated by the
sheaf-theoretic linking disks D, ¢) for smooth Legendrian points (z,&) € A"\ A.

Lemma 2.2.11 implies that if H; — Hs — H3 is a cofiber sequence, then cof (¢(V, Hy)) —
cof (¢(W, Hy)) — cof ((¢(V, H3)) is also a fiber sequence. Thus, it is enough to assume F' has
smooth Legendrian microsupport by the discussion at the beginning of the proof. Let ¥ be a
positive isotopy such that 1,(SS°(F')) does not touch A and, by general position argument,
we may assume ¥, (SS™(F')) touches A’ for finitely many times and transversally through one
point p € A"\ A each time. Decomposing W to W = W, # ---#W¥; so that passing happens
only once during the duration of each W;. Since ¢(¥) = ¢(Wy) o -+ 0 ¢(Vy), it is sufficient
to prove the case when only one such passing at (x,&) appears by induction with Lemma
2.2.11.

Let ¢ € SS*(F') be the point so that the path ¢,(q) pass (z,£) € A" and U small open ball
near q in S*M. We again decompose W to U = U, #WV,#W¥_ such that there’s no passing
happing during ¥ and Wy only moves points in U. In this case, ¢(V., F') are isomorphisms
and we can further assume ¥ only moves points in U. Now set I, = (K (¥) o F')|prxqsy SO
SS®(F;) = ¢ (SS™(F)). We use one last general position argument to assume the front
projection mo : SS™(F}) — Teo(SS™(F})) is finite near 14 (U) so m(U NSS™(F;)) C w(U) is a
hyperplane. Thus, we reduce to the local picture defining D, ¢y discussed in the last Remark
6.2.10. O

We combine the above two results to deduce a generation result for a special case. Let
8 be a Whitney triangulation. For each stratum s € §, we pick a small ball By which
centered at X, and contained in star(s) such that N3, ,,Bs N N3, = & and consider 1p, €
mShN;,outS(M ). This is possible because of the Whitney condition. Again different choices
of such small balls induce the same objects in twshy: s(M) since they are isotopic to each
other in the base by isotopies respecting the stratification and the lifting isotopies on the

microsupport won’t touch NZ (8). (See [39])

Proposition 6.2.12. The set {1, }scs generates voshy: (M) under finite colimits and re-
tractions.

Proof. Set §<;, = {s € 8|dim X, < k}. We claim, when k < n — 1, {1p,}ses_, plus 1p for
any small ball B whose closure B is disjoint from any stratum of dimension < k generates
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roshy: s, (M). To see this, we note that the case k = —1 is Lemma 6.2.6. Assume the case
for k < n — 2 and consider the projection toshyss_, (M) — toshyss_, ,(M). We note that
M \ Uges, ., X 1s path connected by standard Hausdorff dimension theory since these X'’s
have codimension > 2. Thus, 1p is independent of the choice of B. By Proposition 6.2.11,
the fiber of the above projection is generated under finite colimits and retracts by sheaf-
theoretic linking disks Dy ¢y for (z,€) € Ni8<pi1 \ NiS<k. But D¢ can be written as
the cofiber cof(1p — 1p,) by the local picture mentioned in Remark 6.2.10. Finally, apply
a similar argument to the projection twshy: (M) = wshy:s_ (M) — tshyss_ (M)
implies the proposition. B R [

Recall in the proof of Lemma 6.2.6, we show that 1p, — lgar(s) is an isomorphism in
toshg (M), The later object is, however, not an object in twshy: s(M). Instead, we consider
the object 1 (s)- Where star(s)™ is a small inward cornering of star(s) of Definition 3.3.9.
Choose B, small so that B, C star(s)”. We claim that the canonical map 1p, — lgar(s)- 1S
an isomorphism. By the Yoneda embedding, it is an isomorphism if the corresponding mor-
phism Hom,,(—, 1p,) — Hom,,(—, lstar(s)-) is an isomorphism as presheaves on toshy: s(M).
The following statements are in directly parallel with Proposition 5.18, Lemma 5.21, and
Proposition 5.24 in [21].

Lemma 6.2.13. For a S-constructible relatively compact open set U, we have

1 star(s) CU

Hom, (1p,,1y-) =
(15, 1u-) {O otherwise

Proof. The construction of U~ tautologically provides a cofinal sequence 1;-< so

Hom,,(1p,, ly-) = coli(r)n Hom(1g,, 1y--).
€E—

First consider the case when star(s) C U. Since By C star(s) has a non-zero distance from
0U, it is contained in U~ for ¢ << 1 and the left hand side is 1. When star(s) NU = @, the
Hom is clearly 0 so we assume s is a stratum on the boundary of U. In this case, one can
conclude the result by refining the wrapping to a family U~%7° where we add the centered
of the ball B, to the stratification and § denotes the parameter which corresponds to this
new stratum. See [21, Proposition 2.10]. O

Proposition 6.2.14. The canonical map 1p, — lyar(s)- 15 an isomorphism in voshy- s(M).

Proof. We proceed by induction on the codimension of s. When s has codimension zero, we
may replacing M by star(s) and it becomes Lemma 6.2.6.
Now the previous lemma and the proposition 6.2.12 implies

HOHl(lBS, 1star(t)7> - Hom(lstar(s) 1 (t)i) - 0

7 ~Tstar

for t of strictly smaller codimension than s. By induction, 15, — Lstar(r)~ for such t’s. The
later generates a subcategory which contains the fiber of the projection tshy: s(T*M) —

roshy: s_,... (T*M). This implies that it is enough to show the isomorphism in the category
oshy: sy, (T°M). This is a special case fo the following lemma applying to the case
Y =star(s)”, X = sNstar(s)”, and Z =t Nstar(s)". O
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Lemma 6.2.15. Let X™ C Y™ be an inclusion of stable balls, with 0X C QY. Assume there
exists another stable ball (with corners) Z™ C Y™ such that OZ is the union of X with
a smooth submanifold of Y. Then the canonical map 1p () — ly is an isomorphism in
shy: x(Y) for any x € X.

Proof. Reduce to the case of balls by stabilization. In this case, Y is a unit ball, X is
the intersection of Y with a linear subspace, and Z is the intersection of Y with a closed
half-plane with the boundary being the linear subspace. The positive isotopy which expands
1B.(x) to 1y is disjoint from N7 X. ]

Corollary 6.2.16. The set {lgans)- }ses generates voshy.s(M) under finite colimits and
retractions.
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Chapter 7

The comparison morphism

Let M be a real analytic manifold and A C S*M a subanalytic singular isotropic. We define
in this section, by an abuse of notation, a comparison functor

Wt (M) : voshy (M) — Shy(M)°

and show that it is an equivalence of category. Since such functors combine to a comparison
morphism 20} : toshy — Sh§ between precosheaves, the last statement will implies that
tosh, is in particular a cosheaf for this case.

7.1 Definition

Let A C S*M be a closed singular isotropic subset. Recall from Proposition 1.0.4 that the
inclusion Shp (M) < Sh(M) has a left adjoint given by the positive infinite wrapping functor

Wt (M) : Sh(M) — Shy(M).

Geometrically, it takes a sheaf F' to the limiting object over increasingly positive wrappings.
Since a continuation map ¢ : F' — F'* tautologically becomes an isomorphism after applying
201 (M), the functor 203 (M) vanishes on €5(M). We abuse the notation and denote the

resulting functor on the quotient category also by

Remark 7.1.1. We note that in general when A is not a singular isotropic, the category on
the right hand side is much larger. For example, when A = S*M and M is non-compact,
0%, ,,(M) is the trivial inclusion {0} — Sh(M).

We first notice that in this case the restriction of 2035 (M) on toshy (M) takes image in
the subcategory consisting of compact objects.

Lemma 7.1.2. Let A be a subanalytic singular isotropic. For F € voshy(M), the sheaf
05 (M)(F) is a compact object.

81



Proof. Let F' € wshp(M) and lim F be a filtered colimit in Sha(M). We compute,

Hom(ﬂUX(M)(F),thz) = colim  Hom(w(®) o F\ lig ;)

DeW (S* M\A)

= li Hom(F, w(®~1) o lim F}
@ev%(()sl*%\m om(F, w(®™") o liy )

= li H F li F,
@em(jf(()sl*rz{l/[\/\ om ( E( w(@ o ’))

= @eVIC/?g‘HZﬁ\A Hom(F, li lgrlF) Hom(F,hﬂFi).

For the last equality, we use the fact that ® is supported away from A O SS*™(F;) so
w(®~1) o F; = F; by Lemma 4.3.11. Now pick a Whitney triangulation § such that F' is 8-
constructible and A € N*8. In this case, the Hom can be computed in Shy: s(M) = 8-Mod.
Since Shy: s(M)¢ consists exactly objects with compact support and perfect stalks, F' is
compact in Shy« s(M). Thus Hom(F, lim F) = ling Hom(F, F;) and a backward computation
as above implies that

Hom(20{ (M) (F), lim F3) — liny Hom (25} (M) (F), F)
so Wi (M)(F) € Shy(M)* is compact. O
We note that this map is compatible with the precosheaf structure on both side.

Lemma 7.1.3. Let j : U C M be an open set. The restriction j* : Shy(M) — Sha, (U) has
left and right adjoints which are given by 2% o jy and W, o j.. Hence, taking left adjoint
induces a functor W} o ji : Shy), (U)¢ — Sha(M)¢ between compact objects.

Proof. We use the fact that the left adjoint of a left adjoint preserves compact objects. [

Note when Q C €, there is equivalence 207 (') 0 207 (02) = Q07 (2) 0 W (') = W ().
Thus, by the above lemma, there is commuting diagram for an inclusion of opens j : U — V:

wy,, (U)
I‘OShA(U) ShA‘U(U)C
j!‘ QUXW(V) o Ji
wy,, (V)
mShA(V) ShA‘V(V)C

Definition 7.1.4. We will refer the morphism 20} : toshy — Sh{ between precosheaves
defined by the above diagram as the comparison morphism.

Similarly, when A C A’ recall the left adjoint of the inclusion Shp(M) < Shy/ (M) is
given by 207 (M) and thus there is a commuting diagram:
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W, (M)

mShA/(M) ShA/<M)c
‘ QBX(M)‘
075, (M)
rosh (M) Sha (M)

One can see this is compatible with the corestrictions on both side. Thus, there is a
commuting diagram in precosheaves with coefficient in st,,:

Wy
tosh Sh¢,
‘ s, ‘
tosh Shi

The main theorem of this paper, Theorem 1.0.5, is that the comparison functor
35 (M) : toshp (M) — Shp (M)
is an equivalence. As a corollary, the comparison morphism
207 : tshy — Sh{

is an isomorphism so, in particular, wsh, is a cosheaf since Sh{ is.

7.2 Sufficient condition for fully faithfulness

For the rest of the section, we work with a fixed pair (M, A) such that A C S*M is a
subanalytic singular isotropic. We would like to study the effect of 207 on the Hom. Since
207 is defined by a colimit, the canonical Hom,, (G, F') — Hom (20} G, 20 F) can be obtained
from the following few steps. By definition of colimits, there is a canonical map colimiting
continuation map F¥ — 2% F for any wrapping w. This induces, for any other wrapping
w', a map between the Hom’s Hom(G"', F**) — Hom(G"',20} F). Since convoluting with
w(®P) is an auto-equivalence on Sh(M ), there is a canonical map

Hom(G, F*) = Hom(G™', (F*)*") — Hom(G" , 20} (F)).
Take limit over w’ and then colimit over w, we obtain the map between Hom’s

Hom,, (G, F') = colim Hom(G, F*") — lim Hom(G™', 20} (F)) = Hom(2W (G), W, (F)).

In short, we have the following lemma.
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Lemma 7.2.1. Running F' and G through a set of generators of wsha(M). If the limit-
ing continuation map F — QL F becomes an isomorphism after applying Hom(G, —) for
all such G, then the canonical map on Hom Hom, (G, F) — Hom (W (G), WL (F)) is an
isomorphism for any F,G € wshy(M).

Pick any cofinal functor ¥ : Z>o — W (S*M \ A) which corresponds to a sequence of

wrappings id To, P, iR ®, — ---. For convenience, we scale it so that ¥; has domain
S*M x [i,i + 1]. This sequence of positive family of isotopies patches to a positive isotopy
U S*M x [0,00) — S*M whose restriction on S*M x [i,i+ 1] is ¥;#®,. Note that ¥ has a
non-compact support by the cofinal criterion Lemma 4.3.9. By the GKS sheaf quantization,
there is a sheaf kernel K (W) on M x M x [0,00) such that K (V)|nxarxpiiv1 = K(¥;). For

F e t/;STlA(M), we write F'¥ = K (U)o F and let F*» denote F*(*») = F¥|;/, 1,y the resulting
sheaves under the wrapping W. it is enough to study the morphism

Hom(G, F*") — Hom(G, 23 (F))
which is induced from the sequence of wrappings
F—FY — ... 5 % — ... 5> W (F).

Definition 7.2.2. Let X be a topological space, j : X X R — X X (—o0,00]| and i :
X x {0} — X x (—00,00] be the inclusions as open and closed subset. We call the
composition 1) = i* o j, : Sh(X x (—o00,00)) — Sh(X) the nearby cycle functor.

Lemma 7.2.3. The colimit W F can be computed as the nearby cycle at infinity of the
sheaf F¥. That is, Wi F = FY.
Proof. Since ¥, are cofinal, W} (F) = coliRrIn F*». By the construction above, for each
ne
n > 1, F*r is given by lg,y o F¥ = 1gn[1] o F¥ and the continuation map between
them is induced by 10,y — 1(om) for m > n. Since convolution commutes with colimit,
Wi (F) = (colién Lo (1)) o FY = 1(g,00)[1] 0 F¥ = pF¥[1] where p : M x [0,00) — M is the
ne

projection. The latter is the same as Y FY = i*j, F¥Y by Lemma 4.1.1 because ¥ is a positive
isotopy and so SS(FY) C {r < 0}. O

To study the (co)limiting continuation map Hom(G, F) — Hom(G,yFY), we use a
similar trick as in Proposition 4.2.8 and consider the object Hom(p*G, F¥) where we use
p: M xR — M to denote the projection. This time, we have to study its behavior near the
infinity.

Lemma 7.2.4. Let F,G € Sh(M x R) be sheaves on M x R such that F' and Hom(G, F)
are R-noncharacteristic, and q is proper on supp(G) and supp(vG) is compact. Then
Hom(i*G,i*F) is contant on s € R and equals to ' (M; ¢ Hom(G, F))

Proof. The statement over R follows from Lemma 4.1.7. Since we assume supp(¢(G)) is
proper, we can apply base change on the lager space M X (—o0, 00| to obtain the statement
for T' (M ;v Hom(G, F)) since #-push of (a,b) < [a,b] sends constant sheaves to constant
sheaves. 0
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Since oo is a boundary point, we cannot conclude the equivalence using transversality.
Such situation is considered by Nadler and Shende in [43] where they developed the theory
of nearby cycle to study the canonical map

I'(M; ¢ Hom(G, F)) — Hom(yG, Y F)
which we recall now.

Definition 7.2.5 ([43, Definition 2.2]). A closed subset X C S*M is positively displaceable
from legendrians (pdfl) if given any Legendrian submanifold L (compact in a neighborhood
of X), there is a 1-parameter positive family of Legendrians L, s € (—¢, €) (constant outside
a compact set), such that L is disjoint from X except at s = 0.

Definition 7.2.6 ([43, Definition 2.7]). Fix a co-oriented contact manifold (V, ) and positive
contact isotopy 7s. For any subset Y C V we write Y[s] :== ns(Y). Given Y,Y’ C V we define
the chord length spectrum of the pair to be the set lengths of Reeb trajectories from Y to
Y’

cds(Y =Y )={s e R|Y[s|NY' # o}
we term cls(Y') == cl(Y — Y') the chord length spectrum of Y.

Definition 7.2.7 ([43, Definition 2.9]). Given a parameterized family of pairs (Y;,Y)) in
S*M over b € B we say it is gapped if there is some interval (0, €) uniformly avoided by all
(Y, = Y)/). In case Y =Y’, we simply say Y is gapped.

Definition 7.2.8 ([43, Definition 3.17]). Given a subset X C T*(M x J), we define its
nearby subset by

QZJ(X) = H(X) N T*(M X (—1, OO])|M><{<><>}-
The main theorem for the nearby cycles in [43] is the following:

Theorem 7.2.9 ([43, Theorem 4.2]). Let F', G be sheaves on M x J. Assume

1. SS(F') and SS(G) are J-noncharacteristic;
2. Y(SS(F)) and ¥(SS(G)) are pdfi;

3. The family of pairs in S*M determined by (SS;(F'),SS;(G)) is gapped for some fized
contact form on S*M.

Then
I'(M; ¢ Hom(F, G)) — Hom (¢ (F), ¢ (G))

18 an isomorphism.

Now we apply the theory of nearby cycle to the infinite wrapping functor.

Lemma 7.2.10. Let FF — F"* — F"? — ... be a sequence in tgs\l;\(M) as in Lemma 7.2.3.
If for any conic open neighborhood U of A, there exists n such that SS(F*~) CU. Then the
sequence is cofinal.
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Proof. Pick a decreasing conic open neighborhood Uy O Uy D Uz O --- O A of A such
that U, C U,,1 and N, U, = A. By taking a subsequence of the F*’s, we may assume
SS(F"~) C U, for n > 1. Again by taking a subsequence of both the F*»’s and U,,’s, we
may further assume U, 1 N SS(F"") = &. By the locality property 4.3.11, the continuation
map ¢ : F*» — F"“»+1 depends only on the value of ¥ on U,,. Thus, we may modify ¥ on
T* M \U,_; to satisfy the condition in Lemma 4.3.9. Since taking subsequence won’t change
the colimit, the original sequence is cofinal. O

Theorem 7.2.11. Let F € ISEI;\(M) Assume there is a sequence of wrappings
By 1 3, s -

which glues to a (non-compactly supported) positive contact isotopy ¥ : S*M x [0,00) —
S*M such that, for any neighborhood U of A, ¥s(SS™(F)) C U for s >> 0. Then for

G e %(M) the canonical map,
Hom(G, F*") — Hom(G, ¢ FY)
1s an isomorphism for n >> 0. Thus, the canonical map
Hom,, (G, F') — Hom(W} G, W F)
s an isomorphism.

Proof. By Lemma 4.3.9, the sequence F*" is cofinal and 20} F' is computed by coliRrIn Fn,
ne

Thus, the first statement implies that 20} induces isomorphisms on the Hom by Lemma
7.2.1.

Now note that SS®(G) in S*M is compact since supp(G) is compact and the front
projection ms, : S*M — M is proper. Since a manifold is in particular a regular topological
space, there exist open sets U and V containing A and SS™(G) such that Y NV = @.
By restricting to n >> 0, we may assume 14(SS*(F)) C U is thus disjoint from SS™(G),
which implies that Hom(p*G, FY) is J-noncharacteristic. Lemma 7.2.4 then implies that
Hom(G, F¥») = T'(M;vy Hom(p*G, FY)).

So it is sufficient to check the conditions of Theorem 7.2.9 hold for the pair p*G and
FY. The set SS(p*G) = SS(G) x 0y is tautologically J-noncharacteristic. For F'¥, we recall
that SS(FY) = Ay o F' = {(U(x,&,t)|(x,€) € SS(F),t € [0,00)} which implies that F¥ is
J-noncharacteristic.

By picking a shrinking neighborhood V), of A, we see that the nearby set ¢(SS®(FY))
is contained in A. One can pick a Whitney triangulation & such that A C NZ 8. Similarly,
up to an isotopy, there exists a Whitney triangulation T such that SS*(G) C NXT. The
singular isotropics N% 8 and N3 T are pdfl by Lemma 6.2.8.

Now the same argument showing Hom(p*G, F'V) is J-noncharacteristic implies that there
is an N € N such that ¢,(SS*™(F)) C V for s > N. Thus, when restricting to M x [N, 00),
p*G and FY are microlocally disjoint and the gapped condition is tautologically satisfied. [
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Corollary 7.2.12. If there exists a generating set S in tgs\h/A(M) such that each F € S
admits a sequence F'" constructed in the above manner such that SS™(F*") is contained in
arbitrary small neighborhood of A for n large, then the comparison functor

W - roshy (M) < Shy (M)°

18 fully faithful.

7.3 Proof of the main theorem

We first consider the special case when A = N% 8 for some Whitney triangulation §.

Theorem 7.3.1. The comparison functor 3. ¢ : wshys (M) — Shys s(M)° is an equiva-
lence.

Proof. By Proposition 6.2.6 and Proposition 6.2.14, toshg(M) has {lgas)-} as a set of
generators. Recall that lg..(s)- is defined to be an unspecified inward cornering star(s)¢ for
small enough e. As mentioned in Definition 3.3.9, the construction of star(s)™¢ is made so
that N3, star(s)™¢ is disjoint from N3 8 and is contained in arbitrary small neighborhood
of Nz 8 as e — 0. Since SS(1star(s)—<) = N ou (star(s) ™€), Theorem 7.2.11 applies and SZIT+

oo,out
is fully faithful. We see from the same generators lg, ()~ that QBN* s 1s essential surJectlve

since {1sar(s)} form a set of generators of Shy s(M)° by Proposmon 3.3.10. H

To prove the general case, we have to match a special class of objects on both sides. The
following lemma is a sheaf-theoretic variant of the proof [21, Theorem 5.36].

Lemma 7.3.2. Let A be a subanalytic singular isotropic and (x,§) € A be a smooth point.
For any F € Sh(M) such that SS(F') is contained in A near (z,£), there is an equivalence

Hom(ﬁﬂj{D(z,g)7 F) =gk
That is, the object QBXD(Q;,@ CO-TePresents fi(zg)-

Proof. Recall D, ¢) is defined to be the cofiber of the canonical map 11— —e) = 15-1(—s0,)
where f is a proper analytic function defined near x satisfying the following conditions: There
exists an ¢ > 0, so that f has only one A-critical point x over f~![—e, ¢] with f(z) = 0,
df, = & and f~1(—o0,¢€) is relatively compact. Proposition 3.2.7 implies the function f
defines a microstalk functor p(,¢), by

Piae)(F) = Tpz0y(F)e-

As in Remark 6.2.10, the local picture of the fibers ffl({t}) for t € [—¢, €] is a hyperplane
near z. Let ¥ denote any global extension of the wrapping NZ, ,,.f ' (—0c0,) for t € [—¢,¢].
If we modify ¥ to ¥y by multiplying a bump function supported near (x,§) on its Hamil-
tonian, the resulting wrapping (1f_1(,oo76))‘1’0 will appear as expanding f~!(—o0, €) to some
large open set where the expansion happens only near x in the £ codirection. The cofiber
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cof (c(\Ifo, 1f71(_007€))) can be seen as the cofiber induced by some small open neighborhood
U and its open subset U N 1¢-1(_og o).

.//\/\ \}"\ i\\

" "
PN . x
- ~ .
- .- ,X\"_ \ Rl T
- LS \ - \\\\\ -
N 4 ~ -
N~ Se -

Since the graph 'y does not intersection A except at (z,§), there is an isomoprhism
L(f~(—o00,€); F) = T(f ' (—00,0); F) by the non-characteristic deformation lemma 3.1.13.
Thus, I'{>01(F), can be computed as a colimit

Lips0y(F)e = co\%im Hom (cof (1f_1(,oo70) — (1f_1(,oo70))w(q’°)) JF)
0

= colim Hom(cof (1f_1(_0076) - (1f_1(_0070))w(<1>o)) F)

L)
by picking ¥, so that the corresponding U as above forms a neighborhood basis of x. Sim-
ilarly, Hom((1-1(_o00))", F') can be replaced by I'(f~'(—o0, €); F') such that the maps are
compatible with inclusions of the corresponding open sets. That is, we are taking colimit
over a constant functor and thus

L1 (F)e = co\%im Hom(cof (1f_1(_oo,e) — (1f_1(_oo,0))w(q>°)) JF)

= colim Hom(cof (1-1(—oo,—e) = Li-1(—c0,e)), F)

Yo

= Hom(cof (15-1(—o,—¢) = Ly-1(—ooy)), F) = Hom(D(,¢), F')

Finally, we recall that 20} is defined by the restriction of the left adjoint of the tau-

tological inclusion Shy(M) < Sh(M) on t;gBA(M), and we conclude that ['ir>0(F), =
HOII](QUXD(L@, F) O

Remark 7.3.3. Corepresentatives of the microstalk functors ji(,¢) : Sha(M) — V are fre-
quently considered since they often provide a preferred set of generators. For example, Zhou
in [58] finds an explicit description of corepresentatives in the case of FLTZ skeleton first
considered in [14], and uses it to match them with certain line bundles on the coherent
side, which gives an explicit description to the equivalence proved in [33] through descent
argument. A common recipe for finding such a description is to first find a sheaf F' which is
constructed locally near z, and is thus not necessarily in Shy (M), but still satisfies the iden-
tification Hom(F, =) = pz¢) on Sha(M). Then one constructs a one-parameter family of
sheaves Fy, t € [0, 1], such that Fy = F', I, € Sha(M), and Hom(F;, —) remains constant as
t varies. This lemma can be seen as an abstraction for such a construction when subanalytic
structure is presented.
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Proof of Theorem 1.0.5. Pick a Whitney triangulation § such that A C NZS8. We use
DY s A (M) denote to the subcategory in toshyy s(M) generated by the sheaf-theoretical link-
ing discs Dy, ¢) at Legendrian points of N3 8\ A and, similarly, Dy. 5 \(M) the subcategory
in Shy: s(M) generated by the corresponding microstalk represenozatives. By Proposition
3.4.10 and Proposition 6.2.11, they are the fiber of the projections toshy: (M) — rwshy (M)
and Shy. s(M)¢ — Shy(M)¢ respectively. Thus, there is a commuting diagram

DR s a(M) rosh . s(M) toshy (M)
' s o
D]!G;OS,A<M) Shys s(M)® Shy (M)©

The last lemma implies that the equivalence 207, ¢ : toshg(7*M) = Shg(M)® restricts to

Qﬁ;;os t Die s (M) — Dl]ifgoS,A(M)'

Hence, Lemma 2.4.4 implies that 20} is an equivalence as well. O
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