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1 Introduction

Microlocal geometry originated in the study of partial differential equations. This develop-
ment began with Sato’s specialization and microlocalization functors [Sat69] and was followed
shortly thereafter by Hormander’s wave front set [Hor73]. These tools allow one to analyze
not only the singularities of solutions (in this context, the non-propagation of solutions)
but also the codirections of those singularities. By abstracting this approach, Kashiwara
and Schapira introduced the concept of microsupport [KS85], which is used to detect various
properties of sheaves; together with microlocalization, these form the core tools of microlocal
sheaf theory.

A major advancement occurred in the late 2000s with the discovery of deep applications
to symplectic geometry. It had long been known that microlocal sheaf theory is closely
connected to the subject; for instance, the microsupport of any sheaf is always coisotropic.
However, it was only in 2006 that Nadler and Zaslow [NZ09, Nad09] demonstrated that
sheaves can be used to compute objects in a version of the Fukaya category of the cotangent
bundle. Around the same time, in 2008, Tamarkin [Tam18] proved non-displaceability results
using microlocal sheaf theory; systematic results of this kind had previously been achievable
only via Floer theory. Since then, numerous further results intertwining the two fields,
including applications to mirror symmetry, have been obtained, and the area continues to
grow rapidly.

2 Description of the course

The goal of this course is twofold. On the one hand, we will review the construction of
the theory as developed in Kashiwara and Schapira’s book Sheaves on Manifolds [KS94],
along with its further development using symplectic geometric methods. Examples include
the method of isotopies of sheaves [GKS12] and the notion of microsheaves on an exact
symplectic manifold [NS21]. On the other hand, we will provide overviews of its applications
depending on the interests of the audience. To name a few: microsheaves model Fukaya
categories [GPS20] and, as a result, provide a clean proof for mirror symmetry [Kuwl7].
Another direction is the study of representation theory [HTTO8] through the Riemann—
Hilbert correspondence.



3 Prerequisites and suggested readings

Knowledge of point-set topology and manifold theory will be assumed; experience with
homological algebra and six-functor formalisms of any kind will be helpful. In general, I
will try to recall the necessary material as we proceed, but familiarity with the following
materials will certainly be handy:

1. The higher category theory developed by Lurie: [Lur09, Lurl7, Lurl8]. The part
most relevant to us is [Lurl7, Chapter 1], where the theory of stable oo-categories (an
enhancement of triangulated categories) is introduced.

2. The six-functor formalism within the higher categorical framework. A very general
theory is explained by Scholze in [Sch25], but for a more topologically minded audience,
Volpe’s thesis [Vol21] will suffice.

Please feel free to reach out if you have a particular direction of applications in mind.
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