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Abstract

These notes are for the second seminar talk for ARGOS in Winter 2025. The goal of
the seminar is to study the recent paper Analytic de Rham stacks of Fargues-Fontaine
curves by J. Anschiitz, G. Bosco, A-C. Le Bras, J. E. Rodriguez Camargo, and P.
Scholze [2]. However, this talk is a general talk aiming to give a quick recollection of
the theory of analytic stacks. Here, we mostly follow the notations and discussions
from [7], which derives much of its content from the course [3]. The author apologizes
if any errors that occur in the notes.

1 Introduction and condensed mathematics

The purpose of these notes is to give a quick recollection of the theory of analytic stacks.
Roughly speaking, there is a notion of analytic rings, which consists of condensed rings, a
version of topological rings (but with better homological algebraic properties), equipped with
a notion of completeness. They are the affine objects in this analytic world. As one will see
in these notes, the theory of analytic rings has an inbuilt notion of six-functor formalism; the
most natural topology is thus the so-called D-topology, a universal Grothendieck topology
that allows very strong descent properties. Roughly, an analytic stack should be a hypersheaf
in anima with regard to this topology. However, at the moment one has to consider a slight
enlargement that sits between sheaves and hypersheaves. One main reason is that the theory
of analytic stacks is supposed to contain more classical objects such as algebraic stacks, Betti
stacks, and adic spaces.’

Now, we begin the discussion with condensed sets. The main purpose of the condensed
formalism is to have a framework where topology and homological algebra coexist harmo-
niously.

Example 1.1. The category of topological abelian groups is not abelian. For example, the
inclusion Ry;s. < R has a zero cokernel but is not an isomorphism.

To fix this issue, one introduces a larger category that contains the theory of (good)
topological spaces, which we will refer to as the condensed sets, CondSet, and it will be
defined as the sheaves over a certain site. Denote by Pro(Fin) the category of profinite sets,

1 And this ad hoc construction is needed for the Betti stacks.



defined as the pro-completion of the category of finite sets. Its objects are formal inverse
limits 1i§n S;” and the Hom-set is given by
i€lop

Homp,o(pin) (“lim S;7, “ lim 757) = lim colim Homg;, (S;, T5)
ielop jeJjor jeJor el

Now, for such an inverse system of finite sets “li}n S;”, one can put a limit topology on
rel°pP

S = h}n S; by viewing the S;’s as discrete sets.
1e1°P

Lemma 1.2. The assignment Pro(Fin) — Top by “.li}n S Ali}n S; 1s fully-faithful and
ielopP 1el°P

the essential image consists of totally disconnected compact Hausdorff spaces.

Recall that a topological space X is called totally disconnected if all connected compo-
nents are of the form {z} for some z € X. We will use Prof to denote the category of totally
disconnected compact Hausdorff spaces with continuous maps, and freely interchange the
two perspectives when mentioning a profinite set. For the purpose of analytic geometry, we
will actually use a smaller category, the light profinite set Prof!h.

Lemma 1.3. The topological space ‘li}npSi € Prof is second-countable if and only if “‘li}npSi”
1€1° 1€1°
15 isomorphic a sequential limit of finite sets. In this case, we call it a light profinite set.
Example 1.4. The one point compactification of the integer N U {oo} is a light profinite
set since it can be written as the limit NU {oo} = lilr\lnp{(), -+ ,m,00} where the transition
neNe
map from {0,--- ,n+ 1,00} to {0,--- ,n,00} is given by the identity on every thing except

n+1 and n + 1 is sent to oo.

Since we will be considering only the light setting, we will drop the adjective and super-
script “light” from now on.

Definition 1.5. The condensed sets CondSet is the category of set-valued sheaves on Prof
with respect to the Grothendieck topology generated by finitely jointly surjective covers.
In other words, the basic cover is of the form {f; : T; — S} such that IIf; : IIT; — S is

surjective. More precisely, a presheaf X : Prof — Set is a sheaf if
1. X(2) = {x}.
2. X(S111Sy) =T(S1) x T(Ss)
3. For any surjection S; — S5, we have

T(Sy) =eq(T(S1) = T(S1 xs, S1)) -

Example 1.6. There is a condensification functor Top — Cond(Set) sending a topological
space X to the condensed set X () := Cont(S, X). For a Hausdorff space X, X(NU{oo}) is
equivalent to the set of convergent sequences in X, and the restriction map X(NU {oco}) —
X(N) is one-to-one.



More generally, one can define condensed abelian groups, condensed rings, etc. as sheaves
valued in the corresponding category. Similarly, there are higher categorical analogues, but
in this case one has to consider hypersheaves [7, Definition 4.0.1] instead of sheaves. Thus,
the category of condensed anima CondAni := HypSh(Prof, Ani).

Notation 1.7. For the most part of the talk, we will work in the higher categorical setting,
so following the convention in [7, Example 4.0.2], we will, for example, use CondRing to
denote the category of condensed (animated) rings, and emphasize that a ring is static when
it’s relevant.

2 Analytic rings

The category of condensed (animated) rings CondRing can be thought of as a version of
topological rings (with an extra homotopy direction). To discuss analytic structures, how-
ever, we will need to specify the notion of “completeness,” and this can be done by singling
out a subcategory of modules.

Definition 2.1 ([7, Definition 4.1.1]). An uncompleted analytic ring A € AnRing" is a pair
(A”, D(A)) where A € CondRing is a condensed ring and D(A) C D(A”) is a subcategory
of its derived category such that

1. D(A) C D(A”) preserves limits and colimits, which in particular implies that D(A) is
presentable.

2. D(A) is linear over D(Cond Ab). More precisely, for all C € D(Cond Ab) and M €
D(A), the object RHom, (C, M) is in D(A).

3. The left adjoint A ®4» (—) of D(A) C D(A") fixes the connective part of the standard
t-structure D> (A”) (and thus there is an induced t-structure on D(A)).

4. We say A is complete if A” € D(A). In this case, we simply say A = (A%, D(A)) is an
analytic ring and use the notation AnRing to denote this subcategory.

A morphism between (uncompleted) analytic rings g : A — B is a morphism ¢” : A> — B”
such that the restriction of the forgetful map D(B*) — D(A”) to D(B) factorizes through
D(A).

Proposition 2.2 ([7, Theorem 4.1.13], [5, Proposition 2.3.12]). The inclusion AnRing —
AnRing"® has a left adjoint (—)=.

This proposition implies that AnRing admits small colimits: For a diagram {A;}ics
in AnRing, the colimit of the uncompleted analytic rings (chiIm AZ)“¢ has the underlying
1€

ring given by CQIiImAZ?, and M € D(chiIm A?) is complete if its restriction to D(A?) lies in
1€ 1€

D(A;) for all i. Then, the colimit analytic ring chiIrn AP = ((colilm A?)u0> is given by its
IS 1€

completion.



Proposition 2.3 ([7, Proposition 4.1.14]). The functor D : AnRing — CAlg(Prémd(Z))
by A — D(A) commutes with colimits. In particular, for A, B, and C' € AnRing, we have
D(B®aC)=D(B)®pu) D(C).

This last equation is an instance of the categorical Kiunneth formula and will play a role
in the six-functor formalism.

Example 2.4 ([7, Section 3]). The main example in non-archimedean geometry is the solid
analytic structure: Note that the profinite set N U {oo} has a monoid structure, as “+”
extends by n + co = oco. Thus, we can consider the group ring Z[N U {oo}]. Set P =
ZIN U {oo}]/{o0} to be the condensed abelian group of null sequences and write Z[§] when
viewing it as a ring. Here ¢ = [1] corresponds to the shift [7, Remark 3.2.3]. The main feature
of non-archimedean analysis (when complete) is that all null sequences {a,}, sequences
having the property a, — 0, have a convergent series »_ a,. From this point of view, one
can check that a topological abelian group M is complete if and only if

1 — ¢ : Hom(Z[g], M) = Hom(Z[g], M).

Indeed, the map 1 — ¢ sends a null sequence (ag, a, as,---) to (ag — ai,a; — as, - - - ), which
is always one-to-one, and an inverse, if it exists, would have the form

(bo, by bay <) = (D by > byeee).

n>0 n>1

Now, view Z as a condensed ring by Z. Then one can show that, if we set D(Cond) C
D4(Z) to be the subcategory consisting of M such that

1 — ¢ : RHom(Z[q], M) = RHom(Z][q], M),

Z is in fact in D(Solid). Thus, we set Zg = (Z, D(Solid)) € AnRing. Since Z is solid and
D(Solid) has all limits and colimits, we in particular have that all discrete abelian groups
are solid. But this further implies, for example, that the power series ring Z[[g]] and the
p-adic numbers Z,, with their condensed structure given by

Zllgl] = lim Z[q]/(q") and Z, = lim Z/p"Z,

neNop
are solid [7, Section 3.5].

Remark 2.5. The main reason for using the light setting is that P as mentioned above will be
an internal projective generator, which is not true when including profinite sets with larger
cardinalities.

3 Six-functor formalism and the D-topoloy

The opposite category AnStk™" := AnRing®, which we will refer as the category of analytic
affinoid, will serve as the building blocks of analytic geometry. For A € AnRing, we use the
symbol AnSpecA to the denote the corresponding object in AnStk™. Since A comes with a
presentable category D(A), we would like to define a Grothendieck topology that is as refine
as possible which makes this assignment a sheaf. This can in fact be done in a very general
setting of six-functor formalism.



Example 3.1. Let f : X — Y be a continuous map between locally compact Hausdorff
spaces. In addition to the usual star-adjunction f* = f,, there is a shriek pushforward
fi : Sh(X; D(Z)) — Sh(Y; D(Z)), which in the case when Y = {x} is given by compactly sup-
ported sections I'.(X; —). For example, when X is a manifold, then I'.(X; Xg) = Hjp .(X) is
given by the compactly supported de Rham cohomology. This functor satisfies the projection
formula F @ (/iG) = fi(f*F ® @) and base change: Given a pullback diagram

/
X' / Y’
r
f
X Y
there is an equivalence g*fi = f/¢’*. For example, when X = {y} is a point in Y, it

means that the stalk (¢F'), = I.(¢7'(y); F) can be computed as the compactly supported
cohomology of the fiber.

Definition 3.2 ([7, 6.1.1]). A geometric set-up is a pair (C, F) where C is an oco-category
with finite limits and E' is a class of morphisms, which are “!-able,” such that

(1) E contains isomorphisms.
(2) FE is stable under composition and pullback.
(3) E is stable under taking diagonals.

For example, being stable under pullback means that if f: X — Y isin Fand Y — Y
is any map in C, then f': X’ — Y’ as in Example 3.1 above is also in F.

Definition 3.3 ([7, 6.1.2]). Given a geometric set-up (C, F), the category of correspondences
Corr(€, E)® is a symmetric monoidal category, which contains the same objects as €, while

morphisms from X to Y are given by spans X < Z I ¥ such that f € E. Composition of
two morphisms is given by the following diagram

W —mY W xy U U Z
r
S I
o = W —mY
' |
Y X

The symmetric monoidal structure is given by X x Y, the underlying Cartesian product.

Definition 3.4. A three-functor formalism D on (€, F) is a lax symmetric monoidal functor
D : Corr(C, E)® — Cat.



The category of correspondences Corr(C, E')® is the universal category that captures base
change and projection formula. For example, one notice that there is a functor

C? — Corr(C, F)
Y& 7Y E&EZ=2),

and we set ¢* = D(Y & 7= Z). Denote by Cg the non-full subcategory consisting of only
morphisms in £. We likewise have

Cg — Corr(C, E)
XLy x=x5Lv),

and we set fi = D(X =X ER Y). Apply D to the following composition

!/

X ——y X ——Y" Y’
r
v v lg’ ; lg
o = X —Y
g X H
Y X
and we get ¢* fy = f/¢’". One can simiarly obtain the ® and the projection formula similarly

by using the symmetric monoidal structure.

Definition 3.5. A six-functor formalism is a three-functor formalisms where f*, f; and ®
admits right adjoints f,, f' and Hom(—, —).

Now, we can define the D-topology.
Definition 3.6 ([7, 6.1.4]). Let (C, E)) be a geometric set-up and D a six-functor formalism.
(a) Amap f: X — Y in C is said to satisfy D*-descent if

D*(Y) = lim (HD*(X) = D*(X xy X) =3 )
iel
can be computed by the totalization of the Cech nerve. Here, we use D* to indicate

that the functors are given by upper-x’s. We say f satisfies universal D*-descent if the
equivalence holds under all pullbacks Y’ — Y in C.

(b) Amap f: X — Y in F is said to satisfy D'-descent if

DY) 5 lim (HD!(X) = D'(X xy X) 3 )
iel
can be computed by the totalization of the Cech nerve. Here, we use D' to indicate

that the functors are given by upper-I’s. We say f satisfies universal D'-descent if the
equivalence holds under all pullbacks Y/ — Y in C.
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(c) ([7, Example 6.2.10]). The D-topology on € is generated by sub-canonical covers
{fi + Yi = Xitier, |I| < oo, such that IIf; : I1Y; — X satisfies universal D* and
D'-descent. Recall that such a cover is sub-canonical if for any Z € €, the map

el

Hom(X, Z) = lim <HHOH1(HY¢,Z) = Hom ((I1Y;) xx (I1Y;), 2)) = )

is an equivalence.

Proposition 3.7 ([7, Proposition 6.3.7], [9, Theorem 5.12]). Let (C, E) be a geometric set-
up, and D : Corr(C, E) — Cats be a siz-functor formalism such that

(1) D is presentable. That is, D factorizes to D : Corr(C,E) — Pr", the category of
presentable categories with morphisms being left adjoints.

(2) D satisfies the categorical Kiinneth formula. That is, D(X xY) = D(X)® D(Y).

Then, a finite family {Y; — X} satisfies universal D* and D'-descent if and only if it satisfies
D'-descent.

Remark 3.8. In fact, [9, Theorem 5.12] does not require the categorical Kiinneth assumption,
though it has a weaker conclusion. One can use it to deduce the version here.

Definition 3.9. In the same setting as Definition 3.6, the Grothendieck topology we obtain
by replacing the requirement of universal D* and D'-descent with only D'-descent, or simply
I-descent when the context is clear, is called the !-topology.

Now, our goal is to explain that there is a six-functor formalism for analytic affinoids
AnStk*™ such that the D-topology coincides with the I-topology. To motivate the class E,
we note that while we have explained what a six-functor formalism is, we have not touched
upon its existence. In practice, a convenient situation is when E admits a certain suitable
decomposition I and P, which play the role of “open immersion” and ”proper map”. We
omit what assumptions are needed for I and P to be suitable, except to mention that any
map f in F should admit a decomposition f = f o j for some j € I and f € P. In addition,
as motivated by the next example, we should have j, - j* and py 4 p*. See [4, Proposition
1.2.5] for details.

Example 3.10. In the situation of Example 3.1, constructing the x-functoriality is relatively
straightforward. Let f : X — Y. We’ve seen that f, is supposed to be taking fiberwise
compactly supported cohomology, thus we should have f, = f, when f is proper. Similarly,

if there is a decomposition of U L x Lz by an open set U and its complement, it is not
hard to see that there exists a recollement,

Sh(Z) <% Sh(X) L Sh(U),

meaning that both 7, and j* have both left and right adjoints. Set ji - j*. Now, for a general

f: X =Y, ffactorizes to X EN X Ly by using, for example, Stone-Cech compactification,
and fi can be computed as fi = f.j.



For AnStk™®, we define P, I, and E as follows. Let f : AnSpecB — AnSpecA be
a morphism and set D(Ba/) = D(B”) xpr) D(B). The factorization assumption for
f«: D(B”) — D(A®) implies that there is a commutative diagram:

D(B)¢ D(Bay) ¢ D(B%)
D(A) D(A%)

Note that (B”, D(B,,)) defines an analytic structure on 5%, which we will write as B4, and
call the induced analytic structure.

Definition 3.11 ([7, Definition 6.3.2]). Following the notation of the above diagram, we
have:

(a) f € Pif D(B) = D(By)).

(b) felif f*: D(A) — D(B) has furthermore a fully faithful left adjoint f. (This would
imply f, is fully faithful as well.)

(c) f € E if the factorization AnSpecB ER AnSpecB 4, — AnSpecA is such that j € 1.

Corollary 3.12. The assignment

D : AnStk*tor — prl
AnSpecA — D(A)

extends to a presentable siz-functor formalism D : Corr(AnStkaﬁ,E)@’ — Pr™® which sat-
isfies the categorical Kinneth formula. In particular, the D-topology coincides with the !-
topology in this case.

4 Analytic stacks

The topos of analytic stacks is somewhat subtle, as it will be sitting between sheaves and
hypersheaves. Similar to the case of defining the D-topology, it can be done in a fairly
general setting: Let (C, F) be a geometric set-up and set € := Sh(C) to be the topos of
sheaves with respect to the D-topology, where D : Corr(C, E)® — Pr" is a presentable six-
functor formalism. One can extend the geometric set-up (C, E) along the Yoneda inclusion
€ < C: First define EO by declaring f X —»YinCtobein EO if for any map Y — Y such
that Y € C, we have X = X X3 Y to be in € and the induced map f: X — Y to be in E.

Theorem 4.1 ([7, Theorem 6.2.11], [4, Theorem 3.4.11]). There exists a minimal class
E O Ey such that E s stable under disjoint union, local on the target and source, and tame.
Furthermore, D extends to a siz-functor formalism

Corr(C, E)® — Pr*.
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In this case, the category D()z) for X € € can be computed by the formula

D(X) = lim D(X).
(X) = lim D(X)
X=X
Remark 4.2. Heyer and Mann’s theorem in fact holds more generally for more general
Grothendieck topologies as long as D is sheafy. That is, D* : C%? — Cat,, satisfies de-
scent. The D-topology is just the universal case.

Lemma 4.3 ([7, Lemma 6.3.22]). If there is a map (D, F) — (C, E) between geometric
set-ups, then there is an induced functor Sh(D) — Sh(C) between sheaves with respect to the
D-topology. Furthermore, it is left exact and colimit-preserving.

Now, for any geometric set-up (C, E') we will define a category @(6)2 C C that has a
stronger descent property, which we will discuss later. For this purpose, we will assume
the six-functor formalism D on (€, E) satisfies the following Hypothesis 4.4. First, for any
diagram category I, we write I = I U {@} for the diagram category with an added initial
point &.

Hypothesis 4.4 ([7, Hypothesis 6.3.10]). For any given I — €%, we assume that the
condition of

D(X,) — lim D*(X,)

ielop
being an isomorphism implies the condition of

Hom(X,,Y) — lim Hom(X;,Y)

iclop

being an isomorphism for all Y € €. In particular, {f; : ¥; = X} is a sub-canonical cover if
it satisfies x-descent.

Lemma 4.5 ([7, Lemma 6.3.23]). The geometric set-up (AnStk™, E) satisfies Hypothesis
44

Definition 4.6. We say a map f : X — Y in Sh(Cp) is a l-equivalence if any pullback of
any iterated diagonal of f is sent to an isomorphism under D'. That is, f' : D(Y) = D(X),
A!f : D(X xy X) = D(X), D(X Xxxyx X) = D(X), etc.

Now, as Lemma 4.3 is applicable to the tautological map (Cg, ) — (C, E'), we obtain a
functor Sh(Cg) — Sh(C).

Definition 4.7 ([7, Definition 6.3.14]).

(a) Amap f: X — Y is a l-equivalence if for any iterated diagonal X — X and any
Z € €, the induced map X X ywm), Z — Z is locally in the !-topology an arrow that
comes from a !-equivalence in Sh(Cg) under the functor Sh(Cg) — Sh(C).

2In [7], the category defined here is denoted as gl((?) However, Scholze suggested the notation §I\1(G)
during the seminar.



(b) We define SAh(e) C Sh(C€) to be the subcategory localized at co-connective -equivalences.

Note that by inverting along !-equivalences which are oco-connective, we automatically
have HypSh(€) C Sh(€). As D extends to the entire Sh(C), we can restrict it to Sh(C).
Tautologically, D' defines a sheaf on it. But we in fact have the same property for D* as
well.

Lemma 4.8 ([7, Proposition 6.3.17]). D* localizes along oo-connective !-equivalences. Thus,
D* descends to a sheaf, -
D* : Sh(€) — Pr".

Definition 4.9. We define AnStk by picking € = AnStk*" with F as in Definition 3.11. 3

Lemma 4.10 ([7, Lemma 6.3.22]). Let (D, F') — (C, E) be a map between geometric set-ups
and D a presentable siz-functor formalism on (C, E) such that it and its restriction to (D, F)
satisfy Hypothesis 4.4. Then, there is a functor

Sh(D) — Sh(€)

which s left exact and colimit-preserving.

5 Examples

The theory of analytic stacks contains many well-known frameworks such as algebraic stacks,
locally compact Hausdorff spaces, and adic spaces. We first recall that algebraic stacks are
built out of affine schemes Sch*® := (Ring®) with E given by all maps. There are two
canonical ways to view a ring A as an analytic ring. The vanilla way is to simply recall that
static rings embed into condensed rings by viewing them as discrete topological spaces:

(=) : Ring — CondRing
A A(S) == Cont(S, A) = COlién A,
ne

Similarly, we can consider the condensed A-modules simply as D“"(A) = D(A) ®p)
D(Z°"), which is nothing but A°°*d-modules as condensed abelian groups in Mod 4 (D"4(%Z)).
Thus the assignment

Ring — AnRing
A — (Acond’ Dcond(A))

induces a map between geometric set-ups Sch®™ — AnStk®®. By Lemma 4.10, we induce a
map Sh(Sch*®) — AnStk. In [6, Definition 3.18], Mathew defines a notion of descendable
maps. By [6, Proposition 3.20], amap f: X — Y in Sch®® with respect to the standard six-
functor formalism D(Spec A) = D(A) satisfies !-descent if and only if it is descendable. In
other words, éE(SChaH) = Stk, the classical notion of stacks with respect to the descendable
topology.

3There are in fact size issues, which we skip for expository reasons. See [7, Warning 6.3.25] for details.
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Definition 5.1. A finite family {Spec B; — Spec A} is an w;-fpqc cover if B; is an w;-
compact A-algebra for all i and the induced map A — [] B; is faithfully flat.

Proposition 5.2 ([6, Proposition 3.31], [7, Proposition 6.4.3]). If {Spec B; — Spec A} is
an wy-fpqc hypercover, then it is a descendable hypercover. In particular, there is a left exact
colimit-preserving functor

StKe, — fpge — AnStk

where we use Stky, — fpqe to denote the hypersheaves with respect to the wi-fpge topology.

An important class of w;-fpqc stacks is given by the Betti stacks of anima: Consider the
assignment

Prof — Sch*® (1)
S — Spec Cont (S, Z). (2)

Note that if 7" — S is a surjection, then the induced map Cont(S,Z) — Cont(T,Z) is

faithfully flat. One can see this by, for example, writing S = li&n S, as a sequential limit of
neNeopP

finite sets S,,. But this implies that covers in Prof are sent to w;-fpqc covers, and we thus
have a map
(_)Betti : CondAni — Stkwlfquc'

Lemma 5.3. For S € Prof, we have D"V (Sp.;) = Sh(S, D©(7Z)).

As mentioned in Example 1.6, there is a condensification functor Top — CondSet. For
X € Top, we use the notation Xpeyi = (X)Betti-

Remark 5.4. This is where the definition of Sh comes into play; while we would like to define
analytic stacks to be hypersheaves, it is not known if (—)ge; lands in it.

To describe its quasi-coherent sheaves, we recall that Sh(S, D (Z)) has an induced
t-structure from D" (Z) and we denote by

Sh(X, D(Z)) = lim (- = Sh(X, D>"(Z)) == Sh(X, D> (Z)) = - ).

Proposition 5.5 ([4, 3.5.9], [8, IL.1]). If X is a locally compact Hausdorff space, then
D(Xpgetti) = S\}/l(X; D(Z)). When X is finite dimensional, then S\B(X; D(Z)) = Sh(X; D(Z)).
Furthermore, the siz functors coincide with the usual ones, which were briefly mentioned in
Ezxample 3.10.

Our last example is the adic space.

Definition 5.6. A Huber pair (A, AT) consists of the following data: A Banach algebra A
which has an open subring Ay whose subspace topology coincides with the I-adic topology for
some finitely generated ideal I C Ay. Set A° to be the subring of power-bounded elements.
This means that a € A° if {a"|n € N} is bounded, which by definition means that, for any
open set U of 0, there exists an open set V' of 0 such that {a™|n € N} -V C U. An integrally
closed subring A™ C A such that AT C A°. A is said to be Tate if A contains a topologically
nilpotent invertible element. In this case, (A, AT) is said to be a Tate Huber pair. We use
the notation Ring"" to denote the category of Huber pairs.
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Example 5.7. The pair (Q,,Z,) is a Tate Huber pair. In fact, Q, has a valuation given by
Up (anp™ (14 bip+ bop®--+)) =n € Z,

and v,(0) = co. This valuation defines a Banach norm by ||z|| := 27»®). Open balls B(0; )
gives a neighborhood basis of 0 and Z, = B(0; 1).

Example 5.8. A slightly more advanced example of a Tate Huber pair is given by the Tate
algebras (Q,(T"),Z,(T)). Here, for a non-archimedean Banach ring A with a valuation, the
Tate algebra is defined to be the subring

AT) ={)_a,T" € A[[T]] lim a, = 0}

of the power series ring consisting of those whose coefficients converge to 0. Then, A(T) is
equipped with the Gauss norm

I ZanT”H = sup |a,|.

Again, Z,(T') is the unit ball inside Q,(7). One can get an even more advanced example of
a Tate Huber pair, (Qe(T'/P™), Zev<(T"/?™)), by adding all n-th roots of unity in Q, and
all p-th roots of T'. To see it is a Huber pair, we remark that while Q¥ doesn’t admit a
valuation, the norm naturally extends as a limit, since valuations extend to finite extensions.

One can then define the norm on Q¢(T*/*™) similarly and Z*(T/*™) will again be the
unit disk.

Let (A, A1) be a Tate Huber pair. We will define an analytic ring (A, A")g. In order to
do this, we first discuss the analytic ring Z[T]|n. Denote by (Z[T],Z)n the induced analytic
ring Z[T|z,. One can compute that (Z[T],Z)n ® Z[G] = Z[[¢]][T] is the polynomial ring over
the power series ring in the variable q.

Definition 5.9 ([7, Definition 5.2.1]). An object M € D ((Z[T],Z)n) is said to be T-solid if
1 — ¢ : RHomzyr) 2),(Z[[4]] [T], M) = RHomzir) .z, (Z[[4]] [T], M)
is an isomorphism. We denote by D(Z[T]|n) the subcategory of T-solid modules.

Roughly speaking, the abelian version would mean that M is T-solid if any null sequence
{m,} is T-summable in that > a, 7" converges in M.

Definition 5.10 ([7, Definition 7.1.1]). For a Tate Huber pair, we define D((A, AT)n) to be
the subcategory of D(A) consisting of objects M such that M is Z-solid and, for all s € A™,
the Z[T]-module M, given by Z[T] — A", T +— s, is T-solid.

Proposition 5.11 ([1, Proposition 3.34]). (A4, A")q is an analytic ring.
For any Tate Huber pair and fi,--- , f,, g such that they generate the unit ideal, one sets
f17 Ty fn
g

Here, A(T},---,T,) is the Tate algebra with n variables and we quotient as in the discrete
situation to localize except we have to take the closure for the ideal. Furthermore, we use
A*(%) to denote the integral closure of the image of A*(Ty,--- T,).

> = A<T17"' 7Tn>/(gT1 _fla"' 7ng_fn>‘
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Definition 5.12. We set Afff1"P = RingEUb’Op and use Spa(A, AT) to denote the object
corresponding to (A4, A") and call it the affine adic space.

Similar to the case of schemes, one can make Spa(A, A") into a ringed space such that

Spa(A(%), A*(%)) are open subspaces. Thus, we will call them rational subspaces.

Since (A, A") is Tate, by [1, Proposition 4.3], there is a family of nice rational subspaces
that form a neighborhood basis of Spa(A, A™). However, the assignment given by

spa<A<%>,A+<%>> s D((A, A))

doesn’t always form a sheaf. A Tate Huber ring (A, A™) is called sheafy if it does.

Definition 5.13. A Tate adic space is a ringed space (X, Ox) such that it is locally given
by Spa(A, AT) for a sheafy Tate Huber pair (A, A™). We denote by TateAdic the category
of Tate adic spaces.

Theorem 5.14 ([1, Theorem 4.1]). Let X be a Tate adic space. The functor
U= D((0x(U),0%(U)))

satisfies descent. As a result, there is a functor TateAdic — AnStkyz, .
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